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ABSTRACT. In this article, we study the coupling of the Einstein field equations of general relativity to a family of models of nonlinear 
electromagnetic fields. The family comprises all covariant electromagnetic models that satisfy the following criteria: they are derivable from 
a sufficiently regular Lagrangian, they reduce to the linear Maxwell model in the weak-field limit, and their corresponding energy-momentum 
tensors satisfy the dominant energy condition. Our main result is a proof of the global nonlinear stability of the 1 + 3-dimensional Minkowski 
spacetime solution to the coupled system for any member of the family, which includes the linear Maxwell model. This stability result 
is a consequence of a small-data global existence result for a reduced system of equations that is equivalent to the original system in our 
wave coordinate gauge. Our analysis of the spacetime metric components is based on a framework recently developed by Lindblad and 
Rodnianski, which allows us to derive suitable estimates for tensorial systems of quasilinear wave equations with nonlinearities that satisfy 
the weak null condition. Our analysis of the electromagnetic fields, which satisfy quasilinear first-order equations, is based on an extension of 
a geometric energy-method framework developed by Christodoulou, together with a collection of pointwise decay estimates for the Faraday 
tensor developed in the article. We work directly with the electromagnetic fields, and thus avoid the use of electromagnetic potentials. 
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The Global Stability of the Minkowski Spacetime Solution to the Einstein-Nonlinear Electromagnetic System in Wave 

Coordinates 

1. Introduction 1 

The Einstein field equations of general relativity connect the Einstein tensor - ^g^R, which contains information about 
the curvature of spacetim^] (9JI, g M „), to the energy-momentum-stress-density tensor (energy-momentum tensor for short) T^ v , 
which contains information about the matter present in 371. Here, <? M „ is the spacetime metric, i? M „ is the Ricci curvature tensor, 
and R = (g~ 1 ) KX R K \ is the scalar curvature. In this article, we show the stability of the 1 + 3-dimensional vacuum Minkowski 
spacetime solution of the Einstein-nonlinear electromagnetic system 



(1.0.1a) R^-^g^R = T^, (/i, v = 0, 1, 2, 3), 

(1.0.1b) (dFW = 0, (A, =0,1,2,3), 

(1.0.1c) (dM) x ^ = 0, (A, //,i/ = 0,1,2,3), 

where T^ v (see ( |3.5.4a| >) is one of the energy-momentum tensors corresponding to a family of nonlinear models of electromagnetism, 
d denotes the exterior derivative operator, the two-form T^ v denotes the Faraday tensor, the two-form M. denotes the Maxwell 
tensor, and M.^ is connected to {g^ v , J^) through a constitutive relation. We make the following three assumptions concerning 

the electromagnetic matter model: (i) its Lagrangian *J?f is a scalar-valued function of the two electromagnetic invariants']^!) = f 
I^-i^^-i^j-^j-^ ^ (2) « l^-ix^, T kX *T where * denotes the Hodge duality operator corresponding to g^; 
(ii) the energy-momentum tensor corresponding to *Jz? satisfies the dominant energy condition (sufficient conditions on *J?f are 
given in ( |3.3.4a| > - ( |3.3.4b| ) below); (Hi) *Jz? is a sufficiently differentiable function of (^(i), *?(2)), and its Taylor expansion around 
(0,0) agrees with that of the linear Maxwell-Maxwell equations to first order; i.e., *.5?(^(i),^(2)) = ~§^(i) + O l+2 {\{^^, ^(2))| 2 ), 



rigorously stated and proved in Section 16 



where I > 8 is an integer; see Section 2.13 regarding the notation O (•••)■ We briefly summarize our main results here. They are 



Main Results. The vacuum Minkowski spacetime background solution to the system ( |1.0. la} - ( | 1 .0. 1 c| > is globally stable. 
In particular, small perturbations of the trivial initial data corresponding to the background solution have maximal globally 
hyperbolic developments that are geodesically complete. Furthermore, the perturbed solution converges to the vacuum 
Minkowski spacetime solution. These conclusions are consequences of a small-data global existence result for the reduced 
system ( |3.7. la| > - ( |3.7.1c| ), which is equivalent to the study of ( |1.0.1a[ ) - ( | 1 .0. 1 c| > in a wave coordinate system (i.e., a coordinate 
system {x^} ^=0.1.2,3 on R 1+3 satisfying (g~ 1 ) KX @ K 3>\x> 1 = 0, (/z = 0,1,2,3), where 2> is the Levi-Civita connection 
corresponding to g M „). 

We recall the following standard facts (see e.g. |Chr08|, |Wal84|) concerning the initial data for the system ( |1.0. 1 a| > - ( |1.0.1c| i, 
which we refer to as "abstract" initial data. The abstract initial data consist of a 3-dimensional manifold £0, together with the 
following fields on So : a Riemannian metric g a symmetric type (°) tensorfield Kjk, and a pair of electromagnetic one-forms 

*Bj, (j,k = 1,2,3). Furthermore, they must satisfy the Gauss, Codzazzi, and electromagnetic constraint equations, which are 
respectively given by 

(1.0.2a) R-K ab k ab + [(irV 6 ^] 2 = 2T(7V,iV)| Eo , 

(1.0.2b) (|- 1 ) a6 # a X 6i -(g- 1 ) a6 4.^ o6 =T(JV,^j)b o; = 1,2,3), 

(i.o.2c) (r 1 ) a6 iA=o, 

(l-0.2d) (l 1 ) ab @ a &b = 0- 

In the above expressions, the indices are lowered and raised with g and (g^ 1 )^, R denotes the scalar curvature of g , denotes 

— jk — — jk 

the Levi-Civita connection corresponding to g , and is the future-directed unit g-normal to £0 (viewed as an embedded 

—jk 



submanifold of (971, g^))- The one-forms T)j and 93j together form a geometric decomposition of T uv 
of ( |1.0.2a| i - ( |1.0.2b| i can be computed (in principle) in terms of g , fc , *t)j, and 23,, alone; see Section 



9.2 



s , and the right-hand sides 
for more details concerning 

the relationship of Ttj and 53j to T^ v \Y, a - The dominant energy condition manifests itself along £0 as the inequalities T(N, N) > 
and T(N, N) 2 - (g^TiN, ^)T{N, ^)>0. 

In this article, we consider the case £0 = H^ 3 - We will construct spacetimes of the form 971 = /xR 3 , where / will be a time 
interval, and £q will be a spacelike Cauchy hypersurface in (971, g^„). The constraints ( |1.0.2a| i - ( |1.0.2b[ ) are necessary to ensure that 



'By spacetime, we mean a four-dimensional time-oriented Lorentzian manifold OT together with a Lorentzian metric of signature (-, +, +, +). 
•^Throughout the article, we use Einstein's summation convention in that repeated indices are summed over. 
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1 .0. la[ > can be satisfied along £o> while the constraints ( |1.0.2c| i - ( |1.0.2d| > are necessary to ensure that the electromagnetic equations 



1 .0. lb| > - ( |1.0.1c| i can be satisfied along Sq. Our stability criteria include both decay assumptions at oo and smallness assumptions 



for the abstract initial data. We provide here a description of our decay assumptions at oo, which are based on the assumptions of 
BLR10I ; our smallness assumptions will be addressed in detail in Section [TO] 



Assumptions on the abstract initial data: We assume that there exists a global coordinate chart x = (x 1 . 



real number k > 0, and an integer £ > 8 such that (with r ' 



[(x 1 ) 2 + ( : r 2 ) 2 + (x 3 ) 2 ] 1/2 andi ) A ; = l,2,3) 



; ) on S 



(1.0.3a) 








(1.0.3b) 


h (0) 

-jk 


( \ 2M X 

= X(r) Ojk, 

r 


x(r) is defined in (|4.2.1|i, 


(1.0.3c) 


—jk 




as r -*■ oo, 


(1.0.3d) 


K jk 




as r -*■ oo, 


(1.0.3e) 


*>i 


= o^(r- 2 -), 


as r -*■ oo, 


(1.0.3f) 




= o*(r~*~"), 


asr^oo, 



2.13 



where the meaning of o (•••) is described in Section 

The parameter M in ( |1.0.3a[ ), which is known as the ADM mass, is constrained by the following requirements: according to the 
positive mass theorem of Schoen-Yau |SY79|, |SY81|, and Witten RWit811 . under the assumption that T^ u satisfies the dominant 
energy condition, the only solutions g to the constraint equations ( |1.0.2a| i - ( |1.0.2d| i that have an expansion of the form ( |1.0.3a| i with 
the asymptotic behavior ( |1.0.3b[ ) - ( |1.0.3d| i either have M > 0, or have M = and g 



°jk 



The groundbreaking work [CK93| of 

Christodoulou and Klainerman (which is discussed further in Section [T. 1.1 \ demonstrated the stability of the Minkowski spacetime 
solution to the Einstein-vacuum equations in the case that the initial data are strongly asymptotically flat, which corresponds to 
the parameter range k > 1/2 in the above expansions. Our work here, which relies on the framework developed by Lindblad and 
Rodnianski in |LR10| (see Section 1.1.1 1, allows for the parameter range k > 0. 

In this article, we do not consider the issue of solving the constraint equations. To the best of our knowledge, under the restrictions 
on *_Sf described at the beginning of Section [T] there are presently no rigorous results concerning the construction of initial data on 
the manifold W 3 that satisfy the constraints. However, we remark that for the Einstein-vacuum equations Tn V = 0, initial data that 
satisfy the constraints and that coincide with the standard Schwarzschild data 



(1.0.4a) 9 jk = (l + —)Sjk, 

(1.0.4b) K jk = 

outside of the unit ball centered at the origin were shown to exist in |CD02a) - BCD0 2b I and ICorOOl . The stability of the Minkowski 
spacetime solution to the Einstein-vacuum equations for such data follows from the methods of the aforementioned works [CK93|, 
[LR10| (and its precursor |LR05|), and also from the conformal method approach of Friedrich [Fri86|. 

Remark 1.1. The only role of the dominant energy condition in this article is to ensure the physical condition M > 0; we assume this 
physical condition throughout the article. However, although the smallness of \M\ is needed to prove our global stability result, the 
sign of M does not enter into the stability analysis. In particular, if there existed small initial data with small negative ADM mass, 
we would still be able to prove that the corresponding solution to the equations exists globally. Similarly, if we made the replacement 
7jt„ -»■ -T^jy in the reduced equations ( |3.7.1a| i - ( |3.7.1c| i, we could still prove a small-data global existence result. 

1.1. Comparison with previous work. 

1.1.1. Mathematical comparisons. Our result is an extension of a large and growing hierarchy of stability results for the 1 + 3-dimensional 
Minkowski spacetime solution to the Einstein equations, which began with the celebrated work |CK93] of Christodoulou and Klain- 
erman, and which was later replicated by Klainerman and Nicolo in |KN03| using alternate techniques. Both of these proofs used 
a manifestly covariant framework for both the formulation of the problem and the derivation of the estimates. However, mathe- 
matically speaking, the closest relatives to the present article are the seminal works |LR05) and JLRIO], in which Lindblad and 
Rodnianski developed a technically simpler framework for showing the stability of the vacuum Minkowski spacetime solution of the 
Einstein-scalar field system using a wave coordinate gauge. Although their decay estimates are not as precise as those of [CK93 1 and 
[KN03|, their work was much shorter than its predecessors, yet is robust enough to allow for modifications, including the presence 
of the nonlinear electromagnetic fields examined in this article. We remark that many of the technical results we need are contained 
in BLR05I1 and BLR 101 and we will often direct the reader to these works for their proofs. 
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Other stability results in this vein include |ZipOO|, in which Zipser extended the framework of |CK93| to show the stability of 
the vacuum Minkowski spacetime solution to the Einstein-Maxwell system, and |BZ09|, in which Bieri weakened the assumptions 
of BCK93I on the decay of the initial data at infinity. We also mention the works [Loi08| (see also [Loi06|, |Loi09|), in which 
Loizelet used the framework of [LR05| and |LR10| to demonstrate the stability of the vacuum Minkowski spacetime solution of 
the Einstein-scalar field-Maxwell system in 1 + n, n > 3, dimensions. Moreover, in spacetimes of dimension 1 + n, with n > 5 
odd, it has been shown ICBCL 06 1 that the conformal method can be used to show the stability of the Einstein-Maxwell system for 
initial data that coincide with the standard Schwarzschild data outside of a compact set. Roughly speaking, the conformal method 
is a way of mapping a global existence problem into a local existence problem. Whenever it is available, the method tends to give 
very precise information concerning the asymptotics of the global solutions. In particular, the results of [CBCL06] provide a more 
detailed description of the asymptotics than the results of |LoiQ8]]. 

We state with emphasis that the techniques used in this article differ in a fundamental way from those used by Loizelet in |Loi08 1. 
More specifically, in lLoi08L Loizelet analyzed the familiar linear Maxwell-Maxwelj^Jequations through the use of a four-potentiaj^] 
satisfying the Lorenz gauge condition {g~ 1 ) KX $> K A\ = 0, where is the Levi-Civita connection corresponding to g^ v . In 
Loizelet's analysis of the linear Maxwell-Maxwell equations, the Lorenz gauge leads to a system of linear wave equations for the 
components . Furthermore, these equations can be analyzed using the same techniques that are used in the study of the components 
of the metric (see equation ( |3.7. la[ >) and the scalar field. In particular, in Loizelet's case, Lemma 12-2 can be used to deduce suitable 



weighted energy estimates for the components V^A„. In contrast, as discussed in [SpelOJ, it is not clear that Lorenz gauge can be 
used for the kinds of quasilinear electromagnetic field equations ( |1.0.1c| ) studied in this article. More specifically, it is not clear 
that the Lorenz gauge in general leads to a hyperbolic formulation of the electromagnetic equations that is suitable for deriving the 
kinds of L 2 energy estimates needed for our analysis. For this reason, throughout this article, we work directly with the Faraday 
tensor. In particular, as described in detail in Section [8] we use Christodoulou's geometric framework |ChrOO] to ge nerate energy 
currents that can be used to derive the kinds of L 2 estimates needed in our analysis. In this way, we prove Lemma 



12-1 



which 

compensates for the fact that Lemma [12-2| is not generally available for controlling the electromagnetic quantities. We remark that 
there is another advantage to working directly with the Faraday tensor: our smallness condition for stability depends only on the 
physical field variables, and not on auxiliary mathematical quantities such as the values achieved by the components V ^A v . 

Now roughly speaking, the reason that we are able to prove our main stability result is because in our wave coordinate gauge (see 



the discussion in Section 1.2.1 1, the nonlinear terms have a special algebraic structure, which Lindblad and Rodnianski have labeled 
[LR03| the weak null condition. We remark that in order for small-data global existence to hold, it is essential that the quadratic 
nonlinearities have special structure: John's blow-up result BJoh8 1 II shows that quadratic perturbations of the linear wave equation 
in 1 + 3 dimensional Minkowski space (of which our equations ( |1.2.4a| i below are an example), do not necessarily have small-data 
global existence. Now by definition, a system of PDEs satisfies the weak null condition if the corresponding asymptotic system has 
small-data global solutions. The asymptotic system is obtained by discarding cubic and higher order terms, and also derivatives 



that are tangential to the outgoing Minkowskian null cones (see the discussion in Section 1.2.4 1; the discarded terms are expected 
to decay faster than the remaining terms. The general philosophy is that if the asymptotic system has small-data global existence, 
then one should be hopeful that the original system does too. In I1LR101 . Lindblad and Rodnianski showed that the asymptotic 
system corresponding to the Einstein-scalar field system in wave coordinates has global solutions. Although we do not carry out 
such an analysis in this article, we remark that it can be checked that the asymptotic systenj^corresponding to the Einstein-nonlinear 
electromagnetic system in wave coordinates also has global solutions. This was our original motivation for pursuing the present 
work. 

The aforementioned weak null condition is a generalization of the classic null condition of Klainerman |Kla86 1 (see also Christodoulou's 
work |Chr86|), in which the quadratic nonlinearities are standard null forms (which are defined below in the statement of Lemma 
|3-4| i. By now, there is a very large body of global existence and almost-global existence results that are based on the analysis of 
quadratic nonlinearities that satisfy generalizations of Klainerman's null condition. This includes the stability results for the Einstein 
equations mentioned above, but also many other results; there are far too many to list exhaustively, but we mention the following as 
examples: HKatQ51 . ltKS96l . lEn04l . lEnu8l . HMS071 . [MNS05], llSid96l (SpeT0|. 



1.1.2. Connections to the "divergence" problem. One of the most important unresolved issues in physics is that of the so-called 
"divergence problem." In the setting of classical electrodynamics, this problem manifests itself as the unhappy fact that the familiar 
linear Maxwell-Maxwell equations with point charge sources (i.e., delta function source terms), together with the Lorentz force la\^ 
do not comprise a well-defined system of equations. This is because the theory dictates that the Lorentz force at the location of a point 
charge is "infinite in all directions," so that the charge's motion is ill-defined. A further symptom of the divergence problem in this 



^Our use of the terminology "Maxwell-Maxwell" equations, which are commonly referred to as the "Maxwell" equations, is explained in |SpelO| . 
^Recall that a four-potential is a one-form A M such that T^v = (dA)^ v . 

5 To obtain this asymptotic system, one also discards the quadratic terms containing the fast-decaying null components et[.F], p[^F] and crf^ 7 ] of the Faraday tensor; 
see Section p.2.4| 

6 Recall that the Lorentz force is Fi^ orf , ntz = q[E + v x B], where q is the charge associated to the point charge, E is the electric field, v is the instantaneous point 
charge velocity, and B is the magnetic induction field. 
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theory is that the energy of a static point charge is infinite. Moreover, our present-day flagship model of quantum electrodynamics 
(QED), which is based on a quantization of the classical Maxwell-Dirac field equations, has not yet fixed the crux of the problem; 
similar manifestations of the divergence problem arise in QED; see [Kie04a|, [Kie04b| for a detailed discussion of these issues. 

Now in jKie04a|, |Kie04b|, Kiessling has taken a preliminary step in the direction of resolving the divergence problem by 
reconsidering classical electrodynamics. One of Kiessling's primary strategies is to follow the lead of of Max Born [Bor33| by 
replacing the linear Maxwell-Maxwell equations with a suitable nonlinear system, the hope being that it will be possible to make 
rigorous mathematical sense of the motion of point charges in the nonlinear theory. As is discussed below, Kiessling's leading 
candidate is the Maxwell-Born-Infeld (MB I) model [BI34| of classical electromagnetism, a model put forth by Born and Infeld in 
1934 based on Born's earlier ideas. The electromagnetic Lagrangian for this model is 

(I- 1 - 1 ) **l*Bt) = £ " £ (1 + P%) " P%)) 1/2 = £ ~ ^(det 5 ( 5 + 

where |3 > denotes Born 's "aether" constant. We point out that as verified in e.g. [SpelO|, this Lagrangian satisfies the assumptions 
( |3 .3 . 3a[ > and ( |3.3.4a[ > - ( |3.3.4b| i below, so that the main results of this article apply to the MBI model. Now it turns out that it was 
not enough for Kiessling to simply replace the linear Maxwell-Maxwell equations with the Maxwell-Born-Infeld equations, for such 
a modification fails to fix the problem of the Lorentz force being ill-defined at the location of the point charge. On the other hand, 
in MBI theory on the Minkowski spacetime background, there exist Lip schitz- continuous electromagnetic potentials corresponding 
to single static point charge solutions to the field equations. Kiessling observed that this level of regularity is (just barely) sufficient 
for a relativistic version of Hamilton-Jacobi theory to be well-defined; he thus proposed a new relativistic Hamilton-Jacobi "guiding 
law" of motion for the point charges (see [Kie04a] for the details). 

Kiessling's interest in the Maxwell-Born-Infeld system was further motivated by results contained in [Boi69| and |Ple70|, which 
show that it is the uniqu^] theory of classical electromagnetism that is derivable from an action principle and that satisfies the 
following 5 postulates (see also the discussion in [BB83|, |Kie04a|): 

(i) The field equations transform covariantly under the Poincare group. 

(ii) The field equations are covariant under a Weyl (gauge) group. 

(iii) The electromagnetic energy surrounding a stationary point charge is finite. 

(iv) The field equations reduce to the linear Maxwell-Maxwell equations in the weak field limit. 

(v) The solutions to the field equations are not birefringent. 

We remark that the linear Maxwell-Maxwell system satisfies all of the above postulates except for (iii), and that the MBI system 
was shown to satisfy (iii) by Born in [Bor33]. Physically, postulate (v) is equivalent to the statement that the "speed of light 
propagation" is independent of the polarization of the wave fields. Mathematically, this is the postulate that there is only a single 
null con^ associated to the electromagnetic equations; in a typical theory of classical electromagnetism, the causal structure of the 
electromagnetic equations is more complicated than the structure corresponding to a single null cone (see [SpelO| for a detailed 
discussion of this issue in the context of the Maxwell-Born-Infeld equations on the Minkowski spacetime background). 

It is here that we can mention the connection of the present article to Kiessling's work. First, as noted in |Kie04a|, Kiessling 
expects that his theory can be generalized to the case of a curved spacetime through a coupling to the Einstein equations. Next, 
we mention that although the Maxwell-Born-Infeld system is Kiessling's leading candidate for an electromagnetic model, he is 
also considering other models. In particular, by relaxing postulate (v) above, a relaxation that in principle could be supported by 
experimental evidence, one is led to consider a larger family of electromagnetic models. Now one basic criterion for any viable 
electromagnetic model is that small, nearly linear-Maxwellian electromagnetic fields in near-Minkowski vacuums should not lead to 
a severe breakdown in the structure of spacetime or other degenerate behavior. The present work confirms this criterion for a large 
family of electromagnetic models coupled to the Einstein equations, including the Maxwell-Born-Infeld system and many other 
models that fall under the scope of Kiessling's program. 

1.2. Discussion of the analysis. 

1.2.1. The splitting of the spacetime metric and setting up the equations. As in the works |LR05l and ALRIOI . in order to analyze 
the spacetime metric, we split it into the following three pieces: 

(1.2.1a) 9^ = m lil/ + h li u, (/j,, v = 0, 1, 2, 3), 

(1.2.1b) h^ = h$+h$, (^ = 0,1,2,3), 

(1.2.1c) h$ = xC-hW — S^, (h$\ t -_o = x(r)™5^, 9 t ^| t =o = o), (/x, z/ = 0,1,2,3), 



More precisely, there is a one-parameter family of such theories indexed by (3 > 0. 

'In general this "light cone" does not have to coincide with the gravitational null cone, although it does in the case of the linear Maxwell-Maxwell equations. 
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where = diag(-l, 1,1,1) is the Minkowski metric, and the function \ plays several roles that will be discussed in Section 
Above and throughout, x( z ) is a fixed cut-off function that satisfies 



1.2.8 



(1.2.2) X 6 C°°, x=lforz>3/4, x = 0forz<l/2. 

We remark that here and throughout the rest of the article, unless we explicitly indicate otherwise (which, as is explained 



in Section 2.2 we sometimes do with the use of the symbol #), all indices on all tensors are lowered and raised with the 
Minkowski metric m p „ = diag(-l, 1, 1, 1) and its inverse (m _1 ) A " y = diag(-l, 1, 1, 1). Furthermore, as in |LR05] and ||LR10|, 
we work in a wave coordinate system, which is a coordinate system in which the contracted Christoffel symbols T M = f (g~ 1 ) KX T ^ A 
(see ( |3.0.2d| >) of the metric g^ v satisfy 

(1.2.3) 1^ = 0, (/x = 0,l,2,3). 

We remark that several equivalent definitions of the wave coordinate condition ( |1.2.3| l are discussed in Section |3.1| and that the 
viability of the wave coordinate gauge for the system ( |1.0.1a[ ) - ( |1 .0. lc| > (which is a rather standard result based on the ideas of 
BCB52I ) is discussed in Section [43] 



As is discussed in detail in Section 3.7 in a wave coordinate system (t, x), the equations ( | 1 .0. 1 a| > - ( |1.0.1c[ ) are equivalent to the 

reduced equations 

(1.2.4a) Bgh$=Si ia ,-G g h$ ) (n,u = 0,1,2,3), 

(1.2.4b) Va^ + V^a + V.J'a/x = 0, (A,/i,i/ = 0,1,2,3), 

(1.2.4c) N*» VK \^ KX =r, (2^ = 0,1,2,3), 

where U g = (<?~ 1 ) kA V K V a is the reduced wave operator corresponding to g^ Vl V is the Levi-Civita connection corresponding to 
the Minkowski metric m^, N*^ kX = ^{(m,- 1 )^ (mr 1 )"* - (rrr 1 )' iX (jnr 1 ) VK - ^^{rrT 1 )^ + /^(m -1 ) 1 " 8 - (rrT^h"* + 
(m~ 1 ) tlX h' yK } + N][^ L ' K , N#^ uhX = £ (|(/j,, JF) | 2 ) is a quadratic error term that depends on the chosen model of nonlinear electro- 
magnetism, and fi^u, $ u are inhomogeneous terms that depend in part on on the chosen model of nonlinear electromagnetism. 

The question of the stability of the Minkowski spacetime solution to ( | 1 .0. 1 a| > - ( |1 .0. lc| > has thus been reduced to two subquestions: 
i) show that the reduced system ( |1.2.4a| i - ( |1.2.4c| i, where the unknowns are viewed to be (hjj$ , J-^v), has small-data global existence 
(if the ADM mass M is sufficiently small); ii) show that the resulting spacetime (M 1+3 , g^ u = + hffi + h$) is geodesically 
complete. The second question is very much related to the first, for as in |LR05, Section 16], [LoiOS, Section 9], the question 
of geodesic completeness can be answered if one has sufficiently detailed information about the asymptotic behavior of hji); our 



stability theorem (see Section 16 1 provides sufficient information 



1.2.2. The smallness condition. Our smallness condition the abstract initial data is stated in terms of the ADM mass M and a 
weighted Sobolev nc 
we will require that 



weighted Sobolev norm of the abstract initial data V^hp, \ Kjk, Qj, an d Q3fc. More specifically, in order to deduce global existence, 



(1.2.5) E e . ty (0) + M < Ei, 

where eg > is a sufficiently small positive number, £V ;y (0) > is defined by 

(1-2.6) 4 y (0) = f ||vA (1) ||^ +\\K\\ 2 Ht + \\i)\\ 2 He + ||<8||^ , 

" 1/2+Y 1/2+y 1/2+Y 1/2+y 



1/2+y 



the weighted Sobolev norm || • \\ H e is defined in Definition 10.1 below, 0<y< 1/2 is a constant, and £ > 8 is an integer. The 



condition £ > 8 is needed for various weighted Sobolev embedding results, including the weighted Klainerman-Sobolev inequality 
( |1.2.10| i, and the results stated in Appendix [A] In the above expressions, V is the Levi-Civita connection corresponding to the 

Euclidean metric^]™^ d = diag(l, 1, 1). Note that the assumed fall-off conditions ( |1.0.3c[ ) - ( | 1 .0. 3f[ > guarantee the existence of a 
constant < y < 1/2 such that £^(0) < oo. 

Although the norm ( |1.2.6| l is useful for expressing the small-data global existence condition in terms of quantities inherent to the 
data, from the perspective of analysis, a more useful quantity is the energy £(. yiix (t) > 0, which is defined by 



. d = f diag ( 1 , 1 , 1 ) on R 3 , and the first fundamental form m A = 
of the constant time hypersurfaces Et viewed as embedded hypersurfaces of Minkowski spacetime; this double-use of notation should not cause any confusion 



''Throughout the article, we use the symbol m to denote both the Euclidean metric XHjk ^ ^ a s(l> 1, 1) onR 3 , and the first fundamental formm (L1 , d = f diag(0, 1,1,1) 
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(1.2.7) £l y .^{t) d = f sup £ f {|wi^ (1) | 2 + ir^n^Cg) d 3 ^, 

def i 

where V denotes the Levi-Civita connection corresponding to the full Minkowski spacetime metric, q = \x\ - 1 is a null coordinate, 
the weight function w(q) is defined by 



(1-2.8) W = W((7)=< _Ou ■£ n ! 

v y [ 1 + (l + |gl) ^, ifg<0, 

y is from ( |1.2.6| l, and 0< \i < 1/2 is a fixed constant. In the above expression, Z = f {<9 M , x^d v - x„<9 M , xK ^k} ^ <ui3 is a subset 
of the conformal Killing fields of Minkowski space, / is a vectorfield multi-index, represents iterated Minkowski covariant 
differentiation with respect to vectorfields in Z, and C} z represents iterated Lie differentiation with respect to vectorfields in Z. The 
significance of the set Z is that it is needed for the weighted Klainerman-Sobolev inequality ( |1.2.10| i, which is discussed below. 

Remark 1.2. The presence of the parameter (j. > in ( |1.2.8| l might seem unnecessary, since 1 + (1 + |<7|)~ 2 ^ ~ 1. However, as is 
explained in Section 1.2.5 the presence of |x > ensures that w'(q) > 0, a fact that plays a key role in our energy estimates. 

1.2.3. Overall strategy of the proof. The overall strategy is to deduce a hierarchy of Gronwall-amenable inequalities for the energies 
£k-.y;ix(t), (0 < k < £); this is accomplished in ( |16.2.5| l below. The net effect is that under the assumption Ei ;y (0) + M < e, we are 
able to deduce the following a-priori estimate for the solution, which is valid during its classical lifetime: 



(1.2.9) ^ ;Y ^(i)<Q£(l + i) c ^- 

In the above inequality, q and Zi are positive constants. Now it is a standard result in the theory of hyperbolic PDEs that if e 
is sufficiently small, then an a-priori estimate of the form ( |1.2.9| l implies that the solution exists for (t,x) e (-oo, oo) x M 3 ; see 
Proposition 1 14- 1 1 for more details. Furthermore, as shown in |LR05| and ILo i081 . if e is sufficiently small, then it also follows that 
the spacetime (]R 1+3 , = + h^} + hf^J ) is geodesically complete. The main goal of this article is therefore to derive ( jl.2.9| i. 

1 .2.4. Geometry and null decompositions. Let us now describe the tools used to derive ( |1.2.9[ ). First and foremost, as mentioned 
above in Section |1.1.1| the reason we are able to prove our stability result is that the reduced equations ( |1.2.4a| i - ( |1.2.4c| i have 
special algebraic structure, and satisfy (in the language of Lindblad and Rodnianski) the weak null condition. Now in order to see 
the special structure of the terms in the reduced equations, we follow the strategy of Lindblad and Rodnianski and decompose them 
into their Minkowskian null components; we refer to this as a Minkowskian null decomposition. We emphasize the following point: 
the Minkowskian geometry is not the "correct" geometry to use for analyzing the equations, for the actual characteristics of 
the system correspond to the null cones of the spacetime metric g^ u and the characteristics of the nonlinear electromagnetic 
equations (which in general do not have to coincide with the gravitational null cones). However, the errors that we make 
in using the Minkowskian geometry (which has the advantage of being simple) for our analysis are controllable. Let us 
briefly recall the meaning of a Minkowskian null decomposition; a more detailed description is offered in Section [5] The notion 
of a Minkowskian null decomposition is intimately connected to the following spacetime subsets: the outgoing Minkowskian null 
cones Cq = f {(r, y) \ \y\ - r = q}, the ingoing Minkowskian null cones C~ = f {(r, y) | \y\ + r = s}, the constant time slices 
Ei =' {(r, y) | t = t}, and the Euclidean spheres S r> t = f {(t, y)\t = t, \y\ = r}. Observe that the null coordinate q = \x\-t associated 
to the spacetime point with coordinates (t, x) is constant on the outgoing cones, and the null coordinate s = f [x| + t is constant on 
the ingoing cones. These coordinates will be used throughout the article to discuss the rates of decay of various quantities. With 
w j 6 ± l x i (j = l ; 2, 3), we also define the ingoing Minkowskian null geodesic vectorfield L M = f (1, -co 1 , -lu 2 ,-uj 3 ), which satisfies 
m K \L K L* = and is tangent to the C~, and the outgoing Minkowskian null geodesic vectorfield L M = f (La; 1 , oj 2 ,lu 3 ), which 
satisfies m K >L K L A = 0, m K \Lf"L x = -2 and is tangent to the C*. Furthermore, in a neighborhood of each non-zero spacetime point 
p, there exists a locally defined pair of m-orthonormal vectorfields ex, e% that are tangent to the family of Euclidean spheres, and 
m-orthogonal to L and L. The set Af = {L, L, e\ , } , which spans the tangent space, is known as a Minkowskian null frame. In the 
discussion that follows, we will also make use of the set T = f {L, ei,e2}, which is the subset consisting of only those frame vectors 
tangent to the , and the set C = f {L} . 

Given any two form J 7 , we can decompose it into its Minkowskian null components af^ 7 ], and <r[.F], where a, a 

are two-forms m-tangen|*°|to the spheres S r _t, and p, a are scalars. More specifically, we define a A = Tal, &a = Fal, P = 
and a = JF 12 , where A e {1,2}, and we have abbreviated Tal = ^XLl^kXi etc - Similarly, we can decompose the tensor /i„„ into 
its null components Iill, /ill, Jilt, etc., where T stands for any of the vectors in T. We are now ready to discuss one of the major 



By m— tangent, we mean that their vector duals relative to the Minkowski metric are tangent to the S r ,t- 
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themes running throughout this article: the rates of decay of the various null components of T and h are distinguished by the kinds 
of contractions taken against the null frame vectors. In particular, contractions against L, e\,e2 are associated with favorable decay, 
with L being the most favorable, while contractions against L are associated with unfavorable decay. Similarly, differentiation in 
the directions L, e\,ei are associated with creating additional favorable decay in the null coordinate s, while differentiation in the 



direction L is associated with creating less favorable additional decay in q (see Lemma 6-11 for a precise version of this claim). 
Equivalently, the operator V creates favorable decay in s, while V only creates decay in q. Here and throughout, V is the projection 
(of the derivative component only) of the Minkowski connection V onto the outgoing Minkowski null cones. From this point of 



view, the most dangerous terms in the equations are a and /ill, and the d q ~ Vl derivatives (see Section 2.7 1 of these quantities. We 



recommend that at this point, the reader examine the conclusions of Propositions 1 1 5 -5 1 and 1 1 5 -6| to get a feel for the kind of decay 
properties possessed by the various null components. 

The main idea behind the Minkowskian null decomposition is that it can be used to show the following fact: the worst possible 
combinations of terms, from the point of view of decay rates, are not present in the reduced equations ( |1.2.4a| > - ( |1.2.4c| l. This special 
algebraic structure, which is of central importance in our small-data global existence proof, is examined in detail in Propositions 
|ll-3| - [TTT| of Section [TT| We remark that as revealed in |LR03 1, |LR05 1, and 1LR10I . this special algebraic structure is tensorial in 
nature. 

1.2.5. Energy inequalities and the canonical stress. The first major analytical step in deriving the all-important Gronwall-amenable 



estimate ( |16.2.5| l is to deduce the energy inequalities of Lemma 12-1 and Lemma 12-2 which respectively provide L 2 estimates for 



solutions to the electromagnetic equations of variation (which are the linearized equations satisfied by the derivatives of solutions 
T to ( |1.2.4b| i - ( |1.2.4c[ )), and L 2 estimates for solutions to quasilinear wave equations whose principal operator agrees with that of 
( |1.2.4a| i (i.e., n g ). As is explained below, such equations come into play because we require L 2 estimates for derivatives of 
and T in order to close our global existence argument. We will comment mainly on the estimates for the electromagnetic equations 



of variation, since the estimates of Lemma 12-2 are perhaps more familiar to the reader, and in any case are explained in detail 



in 1LR10I Lemma 6.1 and Proposition 6.2]. Our proof of Lemma 12-1 is based on the construction of a suitable energy current 



def — 

J M = -Q fJ u X u , where Q^ v is the canonical stress, which is a tensorfield that depends quadratically on the linearized variables Tp, v , 
X v = f w(q)8g, {v = 0,1,2,3) is a "multiplier vectorfield," and w(q) is the weight function defined in ( |1.2.8[ ). The end result 
is provided by inequality ( |12.2.1| i below. Although at first glance inequality ( |12.2.1[ ) below may appear to be a standard energy 
inequality, one of the most important features of this particular energy current is that it provides the additional positive spacetime 
integral / t * 2 / s (d 2 + p 2 + & 2 ^w'(q) d 3 xdr on the left-hand side of ( |12.2.1| i; here, a, p, and & are the "favorable" null components 

of the two-form T . This additional positive quantity, which is analogous to the quantity / 4 * 2 / E \\J(f>\ 2 w'(q) d 3 x dr on the left-hand 
side of ( |12.2.4| i that was exploited by Lindblad and Rodnianski, is one of the key advantages afforded by our use of a weight function 
of the form ( |1.2.8[ ). Its availability is directly related to the fact that we have better integrated control over the quadratic terms 
a 2 + p 2 + a 2 than we do over the term a 2 . The quantity plays a key role in the derivation of the energy inequality ( |16.2.5| ). 

Let us now make a few comments concerning the canonical stress and the construction of the above energy current. A very 
detailed description is located in [ChrOO] and [SpelO], so we confine ourselves here to its two most salient features. The canonical 
stress (see ( |8.2.2| i) plays the role of an energy-momentum-type tensor for the electromagnetic equations of variation. Because these 
linearized equations depend on the "background" T^ v in addition to the linearized variables T^ v , it is not the case that f^Q^ = 0; 
this is in contrast to the property (g~ l ) 3> K T\ V = (see ( |3.5.3| l) enjoyed by the energy-momentum tensor. However, we now point 
out the first key property of the canonical stress: VuQt is lower-order in the sense that it does not depend on Vx^uv'j by using 



the equations of variation for substitution, the Vj^ terms can be replaced with inhomogeneous terms (see 8.2.4 1. It is already 



important to appreciate the availability of this non-trivial quadratic quantity whose divergence can be controlled by the background 
and inhomogeneous terms. For the availability of such a quantity is not a feature inherent to all systems of equation^] but is instead 
related to the symmetry properties of the indices of the principal terms (i.e., the terms on the left-hand side) in equations ( |8.1.1a| > - 
( |8.1.1b| i, which themselves are related to the fact the original nonlinear equations are derivable from a Lagrangian. 

The second key property enjoyed by the canonical stress is that of positivity upon contraction against certain covector/vector pairs 
(£, X) . That is, for certain choices of (£, X) , the quantity Q fJ ^£, fl X L/ is a positive definite quadratic form in T . These properties are 
analogous to (but distinct from) the positivity properties of an energy-momentum tensor satisfying the dominant energy condition, 
and the positivity properties of the Bel-Robinson tensor (which played a central role in jCK93l ). As is explained in [Chr00| and 
PSpelQ| , the set of pairs leading to integrated positivity is intimately connected to the hyperbolicity of and the geometry of the 
electromagnetic equations, and to the speeds and directions of propagation in the system. In this article, the only pair (£, X) that we 
make use of is £ M = -<5°, and X v = w(q)SQ. The special positivity properties stemming from this choice of (£,X) are derived in 
Lemma ri2-ll 



1 .2.6. Weighted Klainerman-Sobolev inequalities. Based on the energy inequalities of Proposition |12-3| which are relatively straight- 
forward consequences of Lemmas 12-1 and Lemmas 12-2 it is clear that most of the hard work in deriving the estimate ( |16.2.5| l goes 



It is however a feature inherent to all scalar quasilinear wave equations. 
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into estimating the integrals of the inhomogeneous terms on the right-hand sides of ( |12.2.6| l and ( |12.2.8[ ). In particular, we attempt 
to summarize here the origin of the factors (1 + r) _1 and (1 + r)~ 1+C£ that appear in ( 16.2.5| l, and that are of central importance 
in our derivation of the fundamental energy inequality ( |1.2.9| l. Roughly speaking, these factors arise from a variety of pointwise 
decay estimates that we will soon explain. The first tools of interest to us along these lines are the weighted Klainerman-Sobolev 
inequalities, which allow us to deduce pointwise decay estimates for functions <p 6 Co°(Bi 3 ), in terms of weighted L 2 estimates for 
and its Minkowskian covariant derivatives with respect to vectorfields Z e Z. More specifically (see also Appendix|B]i, the weighted 
Klainerman-Sobolev inequalities state that 



d.2.10) (i + i + |.x|)[(i + |g|K g )] 1 / 2 |#, I )|<c^ K /2 (g)v^(t,-)|| La , g = N 

l-T|<2 



We refer to these estimates as "weak pointwise decay estimates," since they have nothing to do with the special structure of the 
Einstein-nonlinear electromagnetic equations; a major theme permeating this article is that in order to close our global existence 
bootstrap argument, the estimate ( |1.2.10| i need to be upgraded using the special structure of the equations. Inequality ( |1.2.10[ ) can 
therefore be viewed as a preliminary estimate that will play a role in the proof of the upgraded estimates. 

The form of the inequalities ( |1.2.10| i raises several important issues. First, in order to apply the weighted Klainerman-Sobolev 
inequalities to hS 1 ', we have to achieve L 2 control over the quantities w 1 l 2 {q) S/gfv- 1 '. To this end, we have to study the equations 
satisfied by the quantities \J z h^ . In order to derive these equations, we have to commute the operator V z through the reduced wave 
operator term n g hS 1 ' . Lindblad and Rodnianski accomplished this commutation through the use of modified covariant deriva tives 
Vz, which are equal to ordinary covariant derivatives plus a scalar multiple (depending on Z e Z) of the identity; see Definition 6.3 
The main advantage of these o perat ors is that \7zO m - D m Vz = 0, where D m = f (™ _1 ) kA V k Va denotes the wave operator of the 
Minkowski metric; see Lemma 



6-8 



Therefore, V z h^ is a solution to the equation D g V z h^ = V z a g h^ +H kX V k VxVz^ 
-\7 i z (H kX X7 K V ), where Q g h^ is equal to the inhomogeneous term on the right-hand side of ( |1.2.4a| i above, and H^" = f 
{g~ 1 Y v -{m- 1 y i ' = -h^+0(\h\ 2 ). We remark that the analysis of the commutator term i? KA V K Va V^ (1) -V z (H kX V k V a^ (1) ), 
which was performed in 1LR101 (see also Propositions |7 - 1 1 and Lemmas 16-5 i, is among the most challenging work encountered. 
Rather than repeat this analysis and the discussion behind it, which is throughly explained and carried out in BLR 1 PL we will 
instead focus on the analogous difficulties that arise in our analysis of T . We do, however point out the role that Hardy inequalities 
of Proposition C-l play in the analysis of : they are used to estimate a weighted L 2 norm of SJ z h^\ which is not directly 



controlled in L 1 by the energy £( : y ^(t), by a weighted L 2 norm of W z h^ , which is controlled in L 2 by the energy. The cost of 
applying this inequality is powers of 1 + \q\, which are always sufficiently available thanks to our use of the weight w(q). 

1.2.1. The role of Lie derivatives. The next important issue concerning inequality ( |1.2.10| i is that it is more convenient to work with 
Lie derivatives of T rather than covariant derivatives of T\ this claim has already been suggested by the definition ( |1.2.7[ ) of our 
energy E^y^t). According to inequality ( |6.5.22| i below, inequality ( |1.2.10[ ) remains valid if we replace the operators V z with C z . 
However, as in the case of covariant derivatives, we have to study the equations satisfied by the C Z T. Now on the one hand, Lemma 
|6-3| shows that the operator Cz can be commuted through the Minkowski connection V in equation ( |1.2.4b) . On the other hand, to 
commute Lie derivatives through equation ( |1.2.4c[ ), it is convenient to work with modified Lie de riva tives Cz, which are equal to 
ordinary Lie derivatives plus a scalar multiplq^[(depending on Z e Z) of the identity; see Definition 6.3 Unlike covariant derivatives, 
these operators have favorable commutation properties with the linear Maxwell term V^-F^, which is the leading term in ( |1.2.4c| i. 

More specifically, Cz^mT 1 )^^- 1 )^ - (m" 1 )^^- 1 )^] V M T kX ) = [(mT 1 )^ (rrT 1 )^ - ( m - 1 )' ,A (ra- 1 ) , ' K ]v/z^; see 
Lemma 6-9 As is captured by Proposition [8^1] these operators are also useful for differentiating equation ( |1.2.4c| >; the error terms 
generated have a favorable null structure that is captured in Propositi on |l 1-4| 

1.2.8. The tensorfield hffi . Let us now discuss the ideas behind the Lindblad-Rodnianski splitting of the metric defined in ( |1.2.1a[ ) 
- ( |1.2.1c| i. We first note that because of the 2M/r ADM mass term present in hjul, substituting the tensorfield h^ v = f hj^} + h$ in 
place of hjw in the definition of the energy would lead to £e;y tlx (0) = °o. Thus, as a practical matter, the introduction of h}j}} allows 
us to work with a quantity of finite energy. Now according to the discussion in IILR101 . the precise form hffj = x(f )x( r )^"<W 
was determined by making an "educated" guess concerning the contribution of the ADM mass term (2M/r)S fIl , to the solution. The 
term hpi) manifests itself in the reduced equations as the O g h^J inhomogeneous term on the right-hand side of the reduced equation 
( |3.7.1a| i. Because of the identity □ m (l/r) = for r > 0, where D m = (?n _1 ) KA V K Va is the Minkowski wave operator, it follows that 
the main contribution of the term n g h^} comes from the "interior" region {(i, x) \ 1/2 < r/t < 3/4}; this is because the derivatives 
of x( z ) are supported in the interval [1/2, 3/4]. Now in the interior region, the quantities 1 + |<7| and 1 + s are uniformly comparable. 
Thus, the weighted Klainerman-Sobolev inequality ( |1.2.10| i predicts strong decay for the solution in this region, and consequently, 



'The multiple is 2cz, where cz is the multiple corresponding to the modified covariant derivative Vz- 
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one can derive suitable weighted Sobolev bounds for the inhomogeneity Qg/iLy , see Lemma 16-4 for a precise statement of this 



estimate. 



1.2.9. The wave coordinate condition. Before expanding our discussion of the pointwise decay estimates, we will discuss the an- 
alytic role of the wave coordinate condition V„ [\/|det g\(g~ 1 ) IJ ' 1 '] = 0, (/x = 0, 1,2,3), which plays multiple roles in this article. 
First, it hyperbolizes the Einstein equations and allows us to replace certain unfavorable terms from the equations ( | 1 .0. 1 a| > - ( |1.0.1a[ ) 
with more favorable ones; the culmination of this procedure is exactly the reduced system ( |1.2.4a| i - ( |1.2.4c| i. In addition, the wave 
coordinate condition allows us to deduce several independent and improved estimates, both at both the pointwise level and the L 2 
level, for the components /ill and /ilt- As we will see, these improved estimates are central to the structure of the proof of Theorem 
[TJ and our stability argument would not close without them. More specifically, as shown in ILRIOL a null decomposition of the wave 
coordinate condition leads to the algebraic inequality 

(1.2.11) \yh\cr + \Wzh\cc < Wh\ + \h\\yh\, 

where V is the projection of V (the derivative component only) onto the outgoing Minkowski cones. Note that the right-hand side 
of ( |1.2.11| i involves only favorable derivatives of h and quadratic error terms, while the left-hand side i nvolve s all derivatives of h, 
including the dangerous Vl derivative. Generalizations of ( |1.2.1 l| i for V z h are stated in Proposition 1 1 X — 1 1 We remark that it is 
important to note in these generalizations that the estimates for \ Wzh\cc are stronger than what can be proved for |V V zh\cr- 

1 .2. 1 0. Upgraded pointwise decay estimates. We now discuss the full collection of upgraded pointwise decay estimates (see Propo- 
sitions [15^4] - [15^6] below), which are of central importance in closing the global existence bootstrap argument. For, as mentioned 
above, the pointwise decay estimates ( |1.2.10| i are not sufficient to close the argument. Aside from the components /ill and /ilt, 
which are controlled by the wave coordinate condition, there is a relatively strong coupling between the remaining components of 



h and the dangerous a[T] component of the Faraday tensor. Therefore, our proofs of the upgraded estimates (and Proposition 15-6 
in particular) have a hierarchal structure; i.e., the order in which they are proved is very important. Although we don't provide a 
complete description of all of the subtleties of this hierarchy in this introduction, we do provide a preliminary description of some 
of its salient features. We first emphasize the following important feature: most null components of h, all null components of J 7 , 
and the components Vz/ill (for Z e Z) have better i-decay properties than their higher-order-derivative counterparts; this is the 



content of Proposition 15-5 Roughly speaking, the reason for this discrepancy is that the un-differentiated reduced equations have 
a more favorable algebraic structure than the differentiated reduced equations. This feature will be particularly important during 
our global existence argument, for the principal terms (from the point of view of differentiability) in the Leibniz expansion of the 
operator \7 Z acting on a quadratic term are of the form iiV^f, and similarly for the operator C z . Consequently, the strong point- 
wise decay property of the un-differentiated quantity, which is represented by u, is an important ingredient the derivation of the 
Ce f (1 + t) _1 £^ . (t) dr term on the right-hand side of ( |16.2.5| >. We emphasize that our stability proof would not go through if 
this term were replaced with Ce J (1 + r)~ 1+Ce S^. (t) dr. 



The derivation of the upgraded pointwise decay estimates for the Faraday tensor begins with Proposition 9-2 which provides 



a null decomposition of the electromagnetic equations of variation, and Proposition 11-4 which provides a null decomposition of 
the inhomogeneous terms that result when differentiating the reduced electromagnetic equations with modified Lie derivatives. The 
net effect is that the null components of the lower-order Lie derivatives of T satisfy ODEs along ingoing and outgoing cones (see 
Proposition |1 l-5[ l, and furthermore, the inhomogeneous terms appearing on the right-hand side of the ODEs can be inductively 



controlled (see Proposition 15-6 1. It is important to distinguish between two classes of ODEs that play a role in this analysis. The 
first class consists of ODEs for the null components (d,p,&) = f (af/^-^L Pl^z^^l^-z^)' an< ^ mv °l ves differentiation in the 
direction of the null generators of the ingoing Minkowskian cones; i.e., the principal part of the ODEs is Vl- We remark that this 
point of view represents a rather crude treatment of equations ( |9.1.8b[ ) - ( |9.1.8d| i, but because of the favorable decay properties of the 
inhomogeneities, this approach is sufficient to conclude the desired estimates: by integrating back towards the Cauchy hypersurface 
Eq, we are able to deduce t-decay for a\L z T\ p\L z T\ and alC^J 7 ] from t-decay of the inhomogeneous terms at the expense 
of a loss of decay in q. We remark that the proof of the upgraded estimates for these components happens in two stages. We refer to 



the first stage, which are proved in Proposition 15-4 as the "initial upgraded" pointwise decay estimates. These first-stage estimates 
follow from using the weighted Klainerman-Sobolev estimates to bound the inhomogeneous terms in the ODEs. The second-stage 
upgraded estimates, which we refer to as "fully upgraded" pointwise decay estimates, are proved at the end of Section [T5-6| after all 
of the other upgraded pointwise decay estimates for the remaining components of the lower-order derivatives of h and T have been 
proved. For at this point in the upgraded hierarchy, we will have better pointwise control over the inhomogeneous terms in the ODEs 
than that afforded by the weighted Klainerman-Sobolev estimates. 

The next class consists of ODEs for the null components a = f a[C z J-]. Notice that (see equation ( |9.1.8a| i) unlike the other null 
components, the a do not satisfy an ODE that to 0-th order involves differentiation in the direction of L. Instead, at first sight, it 
might appear that one should reason in analogy with the first class and view equation ( |9.1.8a| i as ODE in the direction of L with 
inhomogeneous terms. However, the desired decay estimates do not close at this level. Instead, one must also consider the effect 
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of the quadratic term - rfi u h^ K V ^T K \. A null decomposition of this term reveals that it contains the dangerous term 
which decays too slowly to be treated as an inhomogeneous term in the ODE satisfied by a. To remedy this difficulty, we introduce 
the vectorfield A = L+ hhtL^ which can be viewed as a first-order correction to the Minkowski outgoing null direction arising from 
the presence of a non-zero tensorfield h in the expansion g^ u = m p „ + h^ v . Note that for these upgraded pointwise decay estimates 
for the lower-order Lie derivatives, we do not bother to correct for the fact that the electromagnetic model is not necessarily the linear 
Maxwell model; the deviation from the linear Maxwell model comprises cubic terms, which we can treat as small inhomogeneities. 
We may thus view equation ( 9. 1 .8a| > as ODE in the direction of A with inhomogeneous terms; this is exactly the point of view 



emphasized in Proposition 11-5 Because we have a sufficiently strong independent decay estimates for Hll (this is yet another 
example of the special role played by the component /ill) and also for the inhomogeneities, this approach is sufficient to achieve the 
desired estimates. 

Our analysis of the upgraded pointwise decay estimates for the metric-related quantities h and hS 1 ' closely mirrors the analysis in 
BLR 101 . Hence, we will not discuss them in full detail here, but instead refer the reader to the discussion in BLR 101 . The estimates can 
be divided into three classes, the first one being the estimates ( |15.3. la| > and ( |15.3.1b[ ) for \Vh\cr, |VV zh\c£> \h\cTi an d \Vzh\cc- 
As was suggested above, the first-class estimates are consequences of the additional special algebraic structure that follows from the 
wave coordinate condition, together with the weighted Klainerman-Sobolev inequality. The second class consists of the estimates 
( 15.3.2a[ ) and ( |15.3.2b| i for |V/i]rW an d |V/i|. These estimates heavily rely on the decay estimates of Lemma 13-1 and Corollary 
1 13-2 below, which were proved in BLR 101 and which are independent of the specific structure of the Einstein equations. The lemma 
and its corollary can be viewed as a second-order counterpart to the ODE estimates for the Faraday tensor discussed in the previous 
paragraphs. It is important to note that the hypotheses of the lemma and its corollary are satisfied as a consequence of the independent 
upgraded pointwise decay estimates provided by the wave coordinate condition. The third class consists of the estimates ( |15.3.4a| i, 
< [15.3.4b) , and ( |15.3.4c) for |VV^/i (1) |, \V z h^\, and |VV|r/i (1) | (related estimates for the tensorfield h also hold). Their derivation 
is similar in spirit to the derivation of the second-class estimates, but the inductive proof we give is highly coupled to the simultaneous 
derivation of analogous upgraded pointwise decay estimates for \C Z T\, which were discussed two paragraphs ago. 



1.2.11. The geometry of Lie derivatives. We make some final comments concerning the relationship between Lie derivatives and 
covariant derivatives. On the one hand, since we differentiate the equations satisfied by with the operators V z , our analysis of 
naturally allows us to estimate the quantities IV^/il, \V z h\cc an d IV^Uti etc. Furthermore, as discussed above, the quantities 
\V z h\cc an d IV^Icr nave a distinguished role in view of their connection to the wave coordinate condition. One the other hand, 
because we use modified Lie derivatives to differentiate the electromagnetic equations, we will have to confront the terms \£^h\, 
\C I z h\cc 1 and \C z h\cr, etc. In order to bridge the gap between Lie derivative estimates and covariant derivative estimates, we 
provide Proposition [6~44 the proof of which relies on the special algebraic structure of the vectorfields in Z. Proposition 6-14 is an 
especially important ingredient in the null decomposition estimate ( |1 1.1.1 lb"] ). As an example of the role played by this proposition, 
we cite the estimate ( |6.5.23c) >, which reads \C z h\cc S \V z h\ C c + Eukm-i I ^zHcr + Z| J'\<\i\-2 ^1 • This shows that in the 

absent if \I\ = absent if ]/| < 1 
translation from Lie derivatives to covariant derivatives, the error terms that arise in the analysis of the \-\cc seminorm are either 1 
degree lower in order and controllable by the wave coordinate condition (i.e. the terms with | J| < |/| - 1), or are 2 degrees lower in 
order (i.e. the terms with \J'\ < \I\- 2). This fact, and others similar to it, play a role in allowing our hierarchy of estimates unfold in 
a viable order. 



1.3. Outline of the article. The remainder of the article is organized as follows. 

• In Section|2j we provide for convenience a summary of the notation that is used throughout the article. 

• In Sectionpl we discuss the Einstein-nonlinear electromagnetic equations in detail. We also introduce our wave coordinate 
condition and our assumptions on the electromagnetic Lagrangian. Next, we derive a reduced system of equations, which is 
equivalent to the system of interest in our wave coordinate gauge. In Section [377] we summarize the version of the reduced 
equations that we work with for most of the article. 

• In Section |4] we construct initial data for the reduced system from the abstract initial data in a manner compatible with the 
wave coordinate condition. We also sketch a proof of the fact that the wave coordinate condition is preserved by the flow 
of the reduced equations. 

• In Section [5] we introduce the notion of a Minkowskian null frame and discuss the corresponding null decomposition of 
various tensorfields. 

• In Section [6] we introduce the differential operators that will be used throughout the remainder of the article, including 
modified Lie derivatives and modified covariant derivatives with respect to a special subset Z of Minkowskian conformal 
Killing fields. We also provide a collection of lemmas that relate the various operators. 

• In Section]?] we provide a preliminary algebraic expression for the equations satisfied by V z h^\ where hS 1 ^ is a solution 
to the reduced equations. 
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• In SectionJH] we introduce the electromagnetic equations of variation, which are a linearized version of the electromagnetic 
equations. We also provide a preliminary algebraic expression for the inhomogeneous terms in the equations of variation 
satisfied by C Z J- ', where J 7 is a solution to the reduced equations. We then introduce the canonical stress tensor and use it 
to construct an energy current that will be used to control weighted Sobolev norms of C Z J-. 

• In Section [9] we perform two decompositions of the electromagnetic equations, including a null decomposition of the 
electromagnetic equations of variation, and a decomposition of the electromagnetic equations into constraint equations and 
evolution equations for the Minkowskian one-forms E, D, B, and H. In order to connect these one-forms to the abstract 
initial data, we also introduce the geometric electromagnetic one-forms €, 55, 03, and F>. 

• In Section 10 we introduce our smallness condition on the abstract initial data. We then prove that this smallness condition 
guarantees that the energy £^ ;T; ^(t) of the corresponding solution to the reduced equations is small at t = 0; it is this 
smallness of £^ T;tl (0) that will lead to a global solution of the reduced equations. 

• In Section [TT] we provide algebraic estimates for the inhomogeneities in the reduced equations under the assumption that 
the wave coordinate condition holds. We also derive differential inequalities for the null components of C Z J-, and provide 
algebraic estimates for the corresponding inhomogeneities. 

• In Section 12 we prove weighted energy estimates for solutions to the electromagnetic equations of variation. We also 
recall some results of | LR 1 1 that provide analogous weighted energy estimates for both scalar wave equations and tensorial 
systems of wave equations with principal part (g~ 1 ) liX V k Va- 

• In Section [T3] we recall some results of 1LR10I that provide pointwise decay estimates for both scalar wave equations and 
tensorial systems of wave equations with principal part (,9 _1 ) k A V K Va- 

• In Section 14 we state a basic local existence result and continuation principle for the reduced equations. The continuation 
principle will be used in Section 16 in order to deduce small-data global existence for the reduced equations. 

• In Section 
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we introduce our bootstrap assumption on the energy £^ ;y;|x (i). We then use this assumption to deduce a 
collection of pointwise decay estimates for solutions to the reduced equations under the assumption that the wave coordinate 
condition holds. 

In Section 16 we prove our main stability results. The results are separated into two theorems. In Theorem[TJ we use the 
decay estimates proved in Section 15 to derive a "strong" inequality for the energy £t t y tV Xf) ', the proof of this theorem is 
the centerpiece of the article. Theorem [2] which is our main theorem, is then an easy consequence of Theorem [TJ and the 
continuation principle of Section [14] Both of these theorems rely upon the assumption that the wave coordinate condition 
holds. 



2. Notation 

For convenience, in this section we collect together some of the important notation that is introduced throughout the article. 



2.1. Constants. We use the symbols c, cf, C, and C to denote generic positive constants that are free to vary from line to line. In 
general, they can depend on many quantities, but in the small-solution regime that we consider in this article, they can be chosen 
uniformly. Sometimes it is illuminating to explicitly indicate one of the quantities that a constant depends on; we do by writing 
e.g. Cq . If A and B are two quantities, then we often write 

A< B 

to mean that "there exists a C > such that A < CB." Furthermore, if A < B and B < A, then we often write 



Ah B. 

2.2. Indices. 

• Lowercase Latin indices a, b, j, k, etc. take on the values 1, 2, 3. 

• Greek indices k, A, fj,, v, etc. take on the values 0, 1, 2, 3. 

• Uppercase Latin indices A, B etc. take on the values 1, 2 and are used to enumerate the two Minkowski-orthogonal null 
frame vectors tangent to the spheres S ri t- 

• As a convention, the tensorfields T^ Vl M.^, R^, T^, e^ K \, and N^^x are assumed to "naturally" have all of their 
indices downstairs, and unless indicated otherwise, all indices on all tensors are lowered and raised with the Minkowski 
metric and its inverse (rrr 1 )^; e.g. T^ v = f (mr 1 )^™ -1 )^!^. 

• The symbol # is used to indicate that all indices of a given tensorfield have been raised with g~ x \ e.g. T# MI/ = f (g~ 1 ) >1K (g~ 1 y x T K \. 

• Repeated indices are summed over. 
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2.3. Coordinates. 

• {a: A '} A ,=o,i.2,3 denotes the wave coordinate system. 

• t = x°, x = (x 1 1 x 2 1 x i ). 

• q = r-t,s = r + t are the null coordinates of the spacetime point (t, x) , where r - 

• q- = if q > and q_ = \q\ if q < 0. 
. ujj=xi/r,(j =1,2,3). 

2.4. Surfaces. Relative to the wave coordinate system: 

• Cj = f {(t, y) ] ]y| + t = s} are the ingoing Minkowskian null cones. 

• Cq = f {(r, y) ] \y\ - r = q} are the outgoing Minkowskian null cones. 

• Sj = f {(t, y) | t = t} are the constant Minkowskian time slices. 

• <SV,t = f {( r i 2/) I T = t, |y| = r} are the Euclidean spheres. 



2.9 



2.5. Metrics and volume forms. 

• m^v denotes the standard Minkowski metric on K 1+3 ; in our wave coordinate system, to m „ = diag(-l, 1, 1, 1). 

• m denotes the Minkowskian first fundamental form of S t ; in our wave coordinate system, m v = diag(0, 1,1,1). 

• rfi denotes the Minkowskian first fundamental form of S r ,t', relativ e to a n arbitrary coordinate system, 
ff l yLv = m tiv + \ {LiiLl v + LluLv), where L, L are defined in Section '. 

• denotes the spacetime metric. 

• 9iw = m iiv + h$v + h^J is the splitting of the spacetime metric into the Minkowski metric to„„, the Schwarzschild tail 
h$ = x(f)x( r )^<W and me remainder h$ . 

• h =h {Q) + h {1) 

• (.9 1 ) A " y = (to + -^(o) + 15 me splitting of the inverse spacetime metric into the inverse Minkowski metric 
(m,- 1 )^, the Schwarzschild tail H*Z = )x{r)™^ v , and the remainder Hff.. 

• g denotes the first fundamental form of the Cauchy hypersurface So relative to the spacetime metric g. 

• 9j k = djk + xi r )^ffijk + hijk i s tne splitting of g into the Schwarzschild tail x( r )^~^jk and the remainder fi^} . 

• v^ K \ = |detm| 1 ' 2 [/ii'/cA] denotes the volume form of the Minkowski metric m; [iivkX] is totally antisymmetric with 
normalization [0123] = 1; Idetml 1 / 2 = 1 in our wave coordinate system. 

• f-nvK,\ = \det g^^lfii/nX] denotes the volume form of the spacetime metric g. 

• £#v- vkX = -|det g\~ l ' 2 \_iiuKX\ denotes the volume form of the spacetime metric g with all of the indices raised with g^ 1 . 

• = [O^kA] denotes the Euclidean volume form of the surfaces S t viewed as embedded submanifolds of Minkowski 
spacetime equipped with the wave coordinate system. 

• Hijk = denotes the Euclidean volume form of the surfaces S t viewed as abstract 3-manifolds. 

• fav = v hvk\Ll L x denotes the Euclidean volume form of the spheres S r 

2.6. Hodge duals. For an arbitrary two-form : 

• *3~ fiu = \g iH i-guv'£* il ' v ' kX F k \ = -\\AttgY 1 ! 2 'g m , g vv >[y! V 'kX\T k \ denotes the Hodge dual of with respect to the 
spacetime metric g^ u . 

m\ ^ 2 m^m vv \[i!v' T k \ denotes the Hodge dual of with respect to the Minkowski 
metric rrinu- In our wave coordinate system, |detm| -1 / 2 = 1. 

2.7. Derivatives. 

• V denotes the Levi-Civita connection corresponding to to. 

• 3 denotes the Levi-Civita connection corresponding to g. 

• J? denotes the Levi-Civita connection corresponding to g. 

• V denotes the Levi-Civita connection corresponding to to. 

• y denotes the Levi-Civita connection corresponding to rfi . 

• V denotes the projection of V onto the outgoing Minkowski null cones; i.e., V M = tt^V k , where = 6" + \L fl If projects 
vectors onto the outgoing Minkowski null cones. 

d 



In our wave coordinate system {a;'*} ;t= o,i,2,3i = g^-, V M = 



Or/' 



In our wave coordinate system, d r = uj a d a denotes the radial derivative, where uj 1 = x 3 jr. 
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• In our wave coordinate system, d s = \{d r + dt), d q = \{d r - dt) denote the null derivatives; d q denotes partial differenti- 
ation at fixed s and fixed angle x/\x\, while d s denotes partial differentiation at fixed q and fixed angle x/\x\, 
If X is a vectorfield and is a function, then X<f> = X K d K (f>. 
Vx denotes the differential operator X K V K . 
V_ x denotes the differential operator X K V . 
'fx denotes the differential operator X K f K . 
Cx denotes the Lie derivative with respect to the vectorfield X. 

[X, YY = (CxYY = X K d K Y» - Y K d K X^ denotes the Lie bracket of the vectorfields X and Y. 



• For Z e Z, V z = Vz + cz denotes the modified covariant derivative, where the constant cz is defined in Se ction 2.8 

• For Z 6 Z, Cz = Cz + 2cz denotes the modified Lie derivative, where the constant cz is defined in Section 



2.8 



S7 I U, V 7 C7, V Z U, S7 Z U, C Z U, and t z U respectively denote an order iterated Minkowski covariant derivative, it- 
erated Euclidean (spatial) covariant derivative, iterated Minkowski Z-covariant derivative, iterated modified Minkowski 
Z-covariant derivative, iterated Z-Lie derivative, and iterated modified Z-Lie derivative of the tensorfield U. 
□ m = (m _1 ) K V k Va denotes the standard Minkowski wave operator. 

U g = (<7 _1 ) V k Va denotes the reduced wave operator corresponding to the spacetime metric g. Note that V is the 
Minkowskian connection. 



2.8. Minkowskian conformal Killing fields. 

Relative to the wave coordinate system {x M } M= o,i,2,3 = (*j x) : 

• dp = gfjr, (m = Oj 1) 2, 3), denotes a translation vectorfield. 

• Qjk = Xj - Xk-£^j, (1 < j < k < 3), denotes a rotation vectorfield. 

• O 0j - = -t g|j - Xj-gj, (j = 1, 2, 3) , denotes a Lorentz boost vectorfield. 

• S = x K -^ denotes the scaling vectorfield. 

• O = {fhfci, , „ are the rotational Minkowskian Killing fields. 

• 2 = \d^^^ S }o<n<u<3- 

• For Z € Z, ^n^u = Vfj,Z v + VvZ^ = czm^u is the Minkowskian deformation tensor of Z, where cz is a constant. 

• Commutation properties with the Maxwell-Maxwell term: 

^{[(m- 1 )^™- 1 )^ - {m- l Y\ra l Y K ]v ^nx) = [{m^Y^rn 1 )^ - {m~ l Y X (jn l Y K ] V^z^kX- 

• Commutation properties with the Minkowski wave operator 

[□m,^] = [dm, toni>] =0, [Dm, S] = 2U m , [V z,O m ] = -C Z D m , □ m Vz^=VD m 0- 

2.9. Minkowskian null frames. 

• L = dt~d r denotes the Minkowskian null geodesic vectorfield transversal to the C q ; it generates the cones C~ . 

• L = dt + d r denotes the Minkowskian null geodesic vectorfield generating the cones C q . 

• eA, A= 1,2 denotes Minkowski-orthonormal vectorfields spanning the tangent space of the spheres S r j- 

• The set C = f {L} contains only L. 

• The set T = f {L,ei,e2} denotes the frame vector fields tangent to the . 

• The set Af = f {L, L, e 1 ,e 2 } denotes the entire Minkowski null frame. 



2. 10. Minkowskian null frame decomposition. 

• For an arbitrary vectorfield X and frame vector N e Af, we define Xjv = X K N K , where X^ = m fJ/K X K . 

• For an arbitrary vectorfield X = X K d K = X L L + X—L + X A e A , where 

vL 1 v" vL 1 v vA v" 
A = -j Ai, A — = Ai, A = A^. 

• For an arbitrary pair of vectorfields X, Y : 

m(X,y) = m K xX K X^ = X K Y K = -\X L Y L - \X L Y L + X A Y A . 

If T^u is any two-form, its Minkowskian null components are: 

• % =^r ^a^ a - 

1 |«A r 
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2. 1 1 . Electromagnetic decompositions. If is any two-form, *M l _ lL , = g^gvx q^ x , and is the future-directed unit g-normal 
to E t , then its electromagnetic components are: 

. % = -*AViV K . 

• % = -M^ K N\ 

If is any two-form, then relative to the wave coordinate system, its Minkowskian electromagnetic components are: 

• b„ = -•r va . 

• Hp = -Mpo- 

2.12. Seminorms and energies. For an arbitrary type (") tensorfield P^, and V, W e {£,T,Af} ■ 



\P\VW = Z V eV,WeW \V K W X P, 



kX\ 



• |VP|vw = Zn^,v*v,w*w \V k W x N^V 7 P kX \. 

• |VP|VW = ^TeT.VeV.WeW \V K W X T^ V 7 P„a|. 

• |p| = |p|jw- 

• |vp| = \vpWm- 
. |vp| = |viW 

• We use similar notation for an arbitrary tensorfield U of type (™). 

For an arbitrary tensorfield U defined on the Euclidean space Eo with Euclidean coordinate system x = (x 1 , x 2 , x 3 ) : 

• ll^llz, 2 = fxeM 3 l^( x )| 2 d 3 x is the square of the standard spatial L 2 norm of U. 

• = ess SU P^ 6 R3 \U(x) | is the standard spatial L°° norm of U. 

• \\U\\ 2 H e = Z\i\<e Lemi 1 + M 2 ) (l ' +|/|) |V 7 ?7(x)| 2 d 3 :r is the square of a weighted Sobolev norm of U. 

• 11^11(7* = £|/|<£ esssu Pa; E E3(l + \x\ 2 )^ I ^\V_ I U(x)\ 2 is the square of a weighted pointwise norm of U. 
For arbitrary abstract initial data (h^ , Kjk, 2$j) on the manifold R 3 : 

• El-,(0) = ||v4 (1) || In + \\K\\ 2 „t + 1 2) I + ll^llwf is the square of the norm of the abstract initial data. 

' r 1/2 + Y 1/2+Y 1/2+Y 1/2 + Y 

For an arbitrary symmetric type (°) tensorfield h$ and an arbitrary two-form : 

• ^lyu(*) = SU P Y\i\<iJy, j|VV2^ (1) | 2 + l^-?"| 2 }w(g) d 3 x is the square of the energy of the pair (h$ , F^) . 

0<t<* T 

2.13. 0'()ando'(). 

• Given an ^-times continuously differentiable function -,Q m ) depending on the tensorial quantities Qi, •••,£}„, we 
write /(Oi,--,0 m ) = O £ (|0i| Pl ---|Q fe | Pfc ; fc+1 , — , £J m ) if we can decompose 

•••,£!„) = El l =iPi( : Qir--,i3fc)/ l (ni,---,0 m ), where n is a positive integer, eachpj(Oi, is a polynomial in 

the components of fli,---,:Q fe that satisfies |pi(0i,--,£2fc)| ^ |0i| Pl ---|0fc| Pfc in a neighborhood of the origin, and /$(•) is 
£-times continuously differentiable in a neighborhood of the origin. 

• Given an £-times continuously differentiable function f(x), we write f(x) = o l (r~ a ) if lim^oo ^~ /ff = for |/| < I. 

2.14. Fixed constants. The fixed constants £, 6, y, \i, y' , \i' are subject to the following constraints: 

• To prove our global stability theorem, we assume that I is an integer satisfying I > 8. 

• 0<6<±. 

• 0< 5 < y < 1/2. 

• < y' < y - 6. 

• 0< 5 < \l' < \. 

• 0< |x< \ - [l'. 

2.15. Weights. 

, s f 1 + (l + kl) 1+2r , if 9> 0, . . 

• w = w(q) = j ^ + ^ + M)~ 2r if q < 1S ener gY estimate weight function. 

(i + M) 1+ ^', if q > o, 
(l + M) 1 / 2 ^', if ? < o, 



• w = w{q) = \ ^ | j:^^ , c n ' is the decay estimate weight function. 
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3. The Einstein-Nonlinear Electromagnetic System in Wave Coordinates 

In this section, we discuss equations ( | 1 .0. 1 a| > - ( | 1 .0. 1 c] > in detail. We also discuss our assumptions on the electromagnetic La- 
grangian and introduce our wave coordinate gauge. We then derive a reduced system of equations, which are equivalent to ( |1.0.1a| ) 
- ( |1.0.1c| ) in the wave coordinate gauge. Finally, we summarize the results by providing a version of the reduced equations that will 
be used throughout the remainder of the article. In particular, in this version, we distinguish between principal terms, which require 
a careful treatment, and "error terms," which are, from the point of view of decay rates, relatively easy to estimate. 



In this article, we consider the 1 + 3-dimensional electro-gravitational system ( |1.0.1a[ ) - ( |1.0.1c| i, which we restate here for 
convenience: 

(3.0.1a) R^-\g^R = T^, (ft t u = 0,1,2,3), 

(3.0.1b) (<&)x lu , = 0, (A,/i, v = 0, 1,2, 3), 

(3.0.1c) (dM)\ ltv = 0, (A, = 0,1,2,3). 

We remark that the spacetimes we consider will always have the manifold structure Jxl 3 for some "time" interval /. The energy- 
momentum tensor T^ u is given below in ( |3.5.4a[ ), while M.^ is related to {g^u^^w) via the constitutive relation ( |3.2.4| i. The precise 

we assume is 



forms of T^ v and M.^ v depend on the chosen model of electromagnetism, which, as discussed in detail in Section 



3.2 



a Lagrangian-derived model subject to the restrictions ( |3.3.3a| >, ( |3.3.4a| i - ( |3.3.4b| > below. We recall (see e.g. |Chr08|, |Wal84|) the 
following relationships between the spacetime metric g fJiV1 the Riemann curvature tenso^^ R^^i the Ricci tensor R^ VJ the scalar 
curvature R, and the Christoffel symbols r " , which are valid in an arbitrary coordinate system on R 1+3 : 

(3.0.2a) R^ K l = d K T x v - d^T^ + T X pT^ u - T^pT^ u) 

(3.0.2b) R^v d = R^* = d K r* u - d^T^ + T£ X T X V - T X K T X K U , 

(3.0.2c) R= (g-^Rnx, 



(3.0.2d) r;„ = -(g-T (d»9xu + d u g^ x - d x9fiv ). 

We also recall the following symmetry properties: 



(3.0.3) R^ v = R vl j,, 

(3.0.4) r «„ = rvv 

We note for future use that taking the trace with respect to g of each side of ( |3.0. la| > implies that 



(3.0.5) R = -(g- 1 ) KX T KX . 

Hence, ( |3.0.1a| ) is equivalent to 

d3TOj ) R l u, = T lu ,-±g ia ,(g- 1 )* x T KX . 

Furthermore, we note that the twice-contracted Bianchi identities (see e.g. |Wal84]) are the relation (see Section 2.2 concerning our 
use of the notation #) 



(3.0.6) %(R*^-±(g- 1 r»R) = 0, (^ = 0,1,2,3), 

so that by ( |3.0.1a[ ), 7),„ necessarily satisfies the following divergence-free condition: 

(3.0.7) %T* fiU = 0, (i/ = 0,l,2,3). 

In the above expressions, ^ denotes the Levi-Civita connection corresponding to g^. 



13 Under our sign convention, 9f,,9 v X K - 9 V 9^X K = R X K X X - 
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3.1. Wave coordinates. In this article, we use the framework developed in |LR05|, |LR10| and work in a wave coordinate system, 
which is defined to be a coordinate system in which 

(3.1.1a) T^V'r^VO, (M = 0,1,2,3). 

The condition ( |3.1.1a| > is also known as harmonic gauge or de Donder gauge. It is easy to check that the condition ( |3. 1. la| > is 
equivalent to the conditions 

(3.1.1b) 9^(g- 1 ) KX r: x = 0, (/i = 0,1,2,3), 

(3.1.1c) (9~ 1 ) KX d K g Xfl -^(g- 1 ) KX d ll g KX = 0, (/x = 0, 1,2,3), 

(3.1. Id) a„[v1deT^j(g" 1 )H=0, (p = 0,1,2,3). 

We also note that condition ( |3.1.1d[ ) follows from the identity 

(3.1.2) d = f (g-'T'T^ = —^==d v [y/\d^g\(g- 1 )n, (iU = 0, 1,2,3), 

V|det<?| 

which holds in any coordinate system. Furthermore, if the wave coordinate system is also interpreted to be a coordinate system in 
which the Minkowski metric takes the form = diag(-l, 1,1,1), then all coordinate derivatives d can be interpreted as covariant 
derivatives V, where V is the Levi-Civita connection corresponding to the Minkowski metric. Throughout the article, we will often 
take this point of view, because it allows for a covariant interpretation of all of our equations. 

We remark that the use of wave coordinates in the context of the Einstein equations goes back at least to the work BdD211 of 
de Donder. However, the role of wave coordinates in the context of the local aspects of the initial-value problem formulation of 



the Einstein equations was realized to its fullest extent by Choquet-Bruhat in [CB52|. See Section 4.3 for further discussion on the 
viability of using wave coordinates to analyze the system ( |3.0.1a| i - ( |3.0. lc) >. 

3.2. The Lagrangian formulation of nonlinear electromagnetism. In this section, we recall some standard facts concerning a 
classical electromagnetic field theory in a Lorentzian spacetime (]]X 1+3 , g^). Our goal is to explain the origin of the equations 
p.0.1b| i - ( |3.0.1c| i. We remark that for our purposes in this section, we may assume that the spacetime is known. The fundamental 
quantity in such a classical electromagnetic field theory is the Faraday tensor an anti-symmetric type (2) tensorfield (i.e., a 
two-form). We assume the Faraday -Maxwell law, which is the postulate that is closed: 

(3.2.1) (d^)x„ u = Q, (A,/i,i/ = 0,l,2,3), 

where d denotes the exterior derivative operator. 

We restrict our attention to covariant theories of nonlinear electromagnetism arising from a Lagrangian Jz? . In such a theory, the 
Hodge dua|^|*Jzf of Jz? is a scalar-valued function of the two invariants of the Faraday tensor, which we denote by 4(i) and 4( 2 ) : 

(3.2.2a) ^=*Jz?(4 ( i),4( 2 ))> 

(3.2.2b) = ^[T] d = f ^-^GT 1 )^^, 

(3.2.2c) 4 (2) = = lig-'r^g-y^F^ = \e*^ u T KX T^ v . 

Throughout the article, we use * to denote the Hodge duality operator corresponding to the spacetime metric g^ : 



(3.2.3) *T #iiV = f -e*^ KX T KX . 



1 

— ( 

2 

Here, (#^ vkX is totally anti-symmetric with normalization e# 0123 = -|det gl -1 ^ 2 , while e MJ/K A is totally anti-symmetric with normal- 



ization eoi23 = |det g] 1 ! 2 . See Section 2.2 concerning our use of the notation # 



We now introduce the Maxwell tensor Ai,_ iv , a two-form whose Hodge dual *M. 11V is defined by 
(3.2.4) *M*^ V - 



We also postulate that M.^ v is closed: 



For brevity, we often refer to as the Lagrangian. 
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(3.2.5) (dM) x ^ = 0, (A,//, v = Q, 1,2, 3). 

Taken together, ( |3.2.1| > and ( |3.2.5| l are the electromagnetic equations for corresponding to *Jzf . 
We remark for future use that it can be easily checked that equation ( |3.2.1[ ) is equivalent to any of 

(3.2.6a) ^a-V + ^A/, + VIa = 0, (\,n,v = 0,1,2,3), 

(3.2.6b) Va^ + V^a m + V^ux = 0, (A, /x, v = 0,1,2,3), 

(3.2.6c) %*T* ,1V = Q, (i/ = 0,l,2,3), 

(3.2.6d) V M V" = 0, (2^ = 0,1,2,3), 

and that equation ( |3.2.5[ ) is equivalent to any of 

(3.2.7a) 9xM ia , + 9 v Mx lt + 9 lt M uX = 0, (A,//,^ = 0,1,2,3), 

(3.2.7b) Va^W^ + V^a/x + = 0, (A,/x,i/ = 0,l,2,3), 

(3.2.7c) ^ M *A4 #M,y = 0, (2^ = 0,1,2,3), 

(3.2.7d) V®M^ = 0, (2/ = 0,1, 2, 3). 

In the above formulas, ® denotes the Hodge duality operator corresponding to the Minkowski metric m^ v ; this operator is defined 
in Section l2~l6l 

We state as a lemma the following identities, which will be used for various computations. We leave the proof as a simple exercise 
for the reader. 

Lemma 3-1. (Identities) The following identities hold: 

(3.2.8a) d -^-\det 9 \( 9 ^r, 

(3.2.8b) 9(9 1)KA = -(g-^ig- 1 )^, 

(3.2.8c) h\ 2) = \det T\\det gY 1 , 

(3.2.8d) (5" 1 ) kA ^^a = ^(2)5^> 
(3.2.8e) ^ = -g KX T*^T* v \ 

og^u 

(3.2.8f) ^---h^' 1 ^ 
(3.2.8g) ^ = 2J" # ^, 

(3.2.8h) ^ = *F #flU , 

(3.2.81) -— - = (g-'r^g- 1 )^ - GtWY* , 

O-T^A 

(3.2.8j) =e #M"«A ; 



A 



(3.2.8k) = T* kX @^T kX , (^ = 0,1,2,3), 

(3.2.81) ^(2) = ^^" #KA ^«a, (m=0,1,2,3). 



□ 
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3.3. Assumptions on the electromagnetic Lagrangian. The familiar linear Maxwell-Maxwell equations correspond to the La- 
grangian 

(3-3.1) (Maxwell) = ~^(l)i 

which by ( |3.2.4| > and ( |3.2.8g| > leads to the relationship 

(3.3.2) M (Maxwell) = ^ 

Roughly speaking, we will assume that our electromagnetic Lagrangian is a covariant perturbation of (Maxwell) ■ More precisely, 
we make the following assumptions concerning our Lagrangian *Jzf . 



Assumptions on the electromagnetic Lagrangian 

We assume that in a neighborhood of (0,0), *,£? is an £ + 2-times (where I > 8) continuously differentiable function of the invariants 
(^(i) i ^(2) ) that can be expanded as follows: 

(3.3.3a) *_S?= (Maxwell) +0' +2 (l(^(l)^(2))| 2 )- 



The notation O (■■•) is defined in Section 2.13 



We also assume that the corresponding energy-momentum tensor T M „, which is defined below in ( |3.5.1| l, satisfies the dominant 
energy condition, which is the assumption that 

(3.3.3b) T kX X k Y x > 

whenever the following conditions are satisfied: 

• X, Y are both timelike (i.e., g KX X K X x < 0, g KX Y K Y x < 0) 

• X,Y are g-future-directed. 

As discussed in e.g. 1GH0U . sufficient conditions for the dominant energy condition to hold are 

(3.3.4a) — - < 0, 
(3.3.4b) *se- H ^- H (2)^-^0. 

We remark that it is straightforward to verify the sufficiency of these conditions using equation ( |3.5.4b| i below, and that condition 
( |3.3.4b| > is equivalent to the non-positivity of the trace of the energy-momentum tensor corresponding to *Jzf . Furthermore, we recall 
that the trace vanishes in the case of the linear Maxwell-Maxwell model. 



Remark 3.1. We make the £ + 2-times differentiability assumption because we will need to differentiate the equations ( |3.3.8| ) below 
I times in order to prove our main stability theorem. 

We will now derive an equivalent version of the electromagnetic equations that will be used throughout the remainder of the 
article. The final form, which is valid only in a wave coordinate system, is given below in Lemma 3-3 To begin, we use ( |3.2.4| i, 
Lemma [34] and the chain rule to compute that 

(3.3.5) * M #»v = 2 —F*» v + —*F*» V . 

d^(i) d^( 2 ) 

We then use ( |3.2.6c| i, ( |3.2.7c| i, and ( |3.3.5| ) to compute that the following equation holds: 

(3.3.6) .2^-9^ - 2T#^%(^-) - ^ %(^-\ = 0. 

9^(1) y d^(i) J v d^( 2) I 
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Furthermore, using the chain rule and the fact that ^^<f) = V ' n<t> for scalar-valued functions <fr, it follows from ( |3.3.6| > that 



(3.3.7) - 2 ^%T*^ - + ^ f f K*(i) 

9^(1) v %( X) %(i)%(2) > 



We note for future use that equation ( |3.3.7[ ) can be expressed as 

(3.3.8) N*^ kX %T kX = 0, (i/ = 0,1, 2, 3), 

where the tensorfield N#^ VK is defined by 



(2) 



0. 



(3.3.9) ^ # ^ A = f -|^{(5~Y K (ff~y A -(s~Y A (s~y K } " 2^—^T*^ v T* kX 



We also note that N#^ ukX has the following symmetry properties, which will play an important role during our construction of 



suitable energies for Tu V ( an d m particular during our proof of Lemma 8-2 1: 



(3.3.10a) n* v » kX = -N*^ ukX , (k,A,/x,i/ = 0,1,2,3), 

(3.3.10b) = _jv#^"A (k,\,h,v = 0,1,2,3), 

(3.3.10c) N #*)w» = tv#^ kA , (k, A, /<,i/ = 0,1,2,3). 

The moral reason that the above properties are satisfied is that N#^ ukX is closely related to the Hessian of *_Sf : 



(3 3 11) jy-#M""A = 1 9 2 *-Sf | 1 g^g c#p; , K A 

We have added the last term on the right-hand side of ( |3.3.1 \\ in order to cancel a term appearing in the Hessian; this is permissible 
because equation ( |3.2.6a| i implies that this term does not contribute to equation ( |3.3.8| >. 

Our next goal is to formulate a "reduced" electromagnetic equation that is equivalent to equation p.3.8[ ) in a wave coordinate 
system, and to decompose the reduced equation into the principal terms and error terms of an equation involving the Minkowski 
connection V. This is accomplished in Lemma [3~3] below. Before proving this lemma, we first provide the following preliminary 
lemma, whose simple proof is left to the reader. 
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Lemma 3-2. (Expansions) Assume that the electromagnetic Lagrangian *_Sf satisfies ( |3.3.3a| >. Then in terms of the expansion 
hfj,u - g^u ~ m^ufrom ( jl.2.1a| i, and with H^ v = \g~ 1 Y u - (mT 1 )^ , we have that: 

(3.3.12a) H" u = -h^ + O x (\h\ 2 ) = -h" u + 0°°{\H\ 2 ), 

(3.3.12b) VaG?- 1 )"" = -(g-^'^r'Vxh^, = -(m-^'im-'r'vxh^ + 0°°(\h\\Vh\), 
(3.3.12c) \detg\ = 1 + (m" 1 )*^ + 0°°(\h\ 2 ) = 1 - m KX H KX + 0°°(\H\ 2 ), 

(3.3.12d) \detg] 1 ' 2 = 1 + ^(m" 1 )^^ + 0°°(|/il 2 ) = 1 - \m KX H KX + 0~(\H\ 2 )., 

(3.3.12e) |^f 5 r 1/2 = 1 " ^(m-'r^A + 0°°{\h\ 2 ) = 1 + \m KX H KX + 0°°(|ff| 2 ), 

(3.3.12f) e # ^ A = -(1 + 0°°(|/i|))[/iwtA], 

(3.3.12g) e^ A = (1 + Cr(\h\))[nvK\], 

(3.3.12h) T #^ =T ^ + o°°(\h\\r\) = {m-^irn 1 )^?^ + 0°°(\h\\F\), 

(3.3.121) * F #^ = ® JF ^ + 0°°(|/i||^|) ^--[//^«A]^ kA + O^d/iH^I), 

(3.3.12J) = ^(m- 1 )""^- 1 )^^^ + 0°°(\h\\F\ 2 ), 

(3.3.12k) W = -\\pvkX\T^T h x + 0°°(\h\\T\ 2 ), 

o 

(3.3.121) *J? = ~( m - 1 r K (m- 1 )i x T KX T rK + O t+2 {\h\\T\ 2 ) + O t+2 (\T\ z - h), 

(3.3.12m) V%)=0°°(|^||V^|) + 0°° (\Vh\\T\ 2 ;h) + 0°°(|/i||^||V^|), (i = 1,2), 

(3.3.12n) 7W^ = % V + 0' +1 (|/i||:F|) + 0* +1 (|^| 3 ;fc). 

In formulas ( |3.3.12f| l - ( |3.3. 12g| >, [/ii/kA] is totally anti-symmetric with normalization [0123] = 1, while * denotes the Hodge du- 
ality operator corresponding to the spacetime metric g^ u , and ® denotes the Hodge duality operator corresponding to the Minkowski 
metric m p „. Furthermore, the notation 0(--) is defined in Section . 



2.13 



□ 

3.4. The reduced electromagnetic equations. In this section, we provide the aforementioned decomposition of the reduced elec- 
tromagnetic equations. 

Lemma 3-3. (The reduced electromagnetic equations) Assume that the wave coordinate condition ( |3. 1. la| > holds. Then in terms 
of the expansion ( |1.2.1a| >, the system of electromagnetic equations ( |3.2.1| >, ( |3.3.8| > is equivalent to the following reduced system of 
equations: 

(3.4.1a) Va^> + V^a + V„^a m = 0, (A, ^ = 0,1,2,3), 

(3.4.1b) N#^ x V^ kX = B\ 2 . T) (^KT) + 0^(|/i||V/i|l^|) + O e (\Vh\\T\ 2 ;h), (y = 0, 1,2,3), 

where 



(3.4 



2) n*^ kX = -{(mr 1 )' M (m- 1 ) uX - {mr 1 Y x {m- 1 Y K - ^(m -1 )"* + ^(m -1 ) 1 " 5 - (m- 1 )"*^ + (m -1 )^™} 



+ N* ,m/kX , 



(3.4.3) 

Furthermore, 

(3.4.4) iVf^ KA = £ (|(/i,J-)| 2 ), 

ant/ iife N*» vkX , the tensorfield N*^ kX also possesses the symmetry properties ( |3.3.10a| > - ( |3.3.10c[ ). 
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Remark 3.2. Equations ( |3.4.2[ ) - ( |3.4.2| > are valid only in a wave coordinate system. Hence, we refer to the system ( |3.4.2| i - ( |3.4.2[ ) 
as the "reduced" electromagnetic equations. 

Proof. We use the assumption ( |3.3.3a[ ) and the Leibniz rule to expand ( |3.3.7| i and apply the results of Lemma |3-2| arriving at the 
following expansion: 

(3.4.5) + N^ x V^ KX = O l {\h\\vh\\T\) + 0*(\Vh\\F\ 2 ;h), 

where N>* ukX = O e (\(h,F)\ 2 ). Let us now decompose the ^^T^" term. Using the anti-symmetry of F#v v , the symmetry of the 

Christoffel symbol T ^ A under the exchanges /x «-»■ A, the identity T K K M = -. 1 V M (\/|detg|), and the wave coordinate condition 

V |det g\ 

V M [v / ldet^|(^ 1 )'" c ] = 0, (k = 0,1, 2, 3), we have that 

(3.4.6) = V^T*^ + V^T*^ + T^ X T*^ X 

= v l >[(9- 1 ) IM (9- 1 Y x r*>] + [^^v^vldeT^)]^- 1 )^^- 1 )'^ 

Vl det .9l 

V|det 5 | 

Using ( |3.3.12a| i, we conclude that the term (g~ 1 ) flK (g~ 1 )" x V ^F K \ on the right-hand side of ( |3.4.6| ) can be expressed as 

(3.4.7) -{(m-^im- 1 )^ - (mT^im 1 )™ - ^(m -1 )"* + h ftX (m- 1 y - (rn l y K h uX + (m-^/i^Jv^ 



+ 



£ (|/^|)V^ kA , 



where the term in braces is equal to the term in braces on the right-hand side of (13.4. 2) . 

Similarly, using ( |3.3.12b| >, we conclude that the term [(<7~ 1 ) A " i V p,(g~ 1 ) uX \F K \ on the right-hand side of ( |3.4.6| l is equal to 
-^J^JVh,^) + O f (|/i||V/i||.F|), where ^^.^(Vh,^) is defined in ( j3.4.3| l. Combining these expansions with ( |3.4.5| l, we arrive 
at ( |3.4 lb> - ( [3X41 ). 

The fact that N* * VK possesses the symmetry properties ( |3.3. 10a[ > - ( |3.3. 10c) > follows trivially from the fact that both N#^ vkX 
and the term in braces on the right-hand side of ( |3.4.2| i both satisfy these properties. 

□ 

Remark 3.3. With the help of the identity ( |3.1.2| i, the above proof shows that the reduced equation ( |3.4.1b| i is obtained by adding 
the inhomogeneous term -T K {g^ 1 y x T K \ to the right-hand side of equation ( |3.3.8| >: 

(3.4.8) N*^ kX %F kX = -T K {g~ l ) uX F KX . 

We will make use of this fact in SectionPOl 



3.5. The energy-momentum tensor. In this section, we discuss the energy-momentum tensor T^ v appearing on the right-hand side 
of ( |3.0.1a| ). We recall that the energy-momentum tensor for an electromagnetic Lagrangian field theory is defined as follows: 

(3.5.1) T*» u = 2^- + (g- 1 Y 1 '*^. 

og^v 

It follows trivially from the definition ( |3.5.1| > that T^ v is symmetric: 

(3.5.2) T^ = T U ^ (fx, i/ = 0,1,2, 3). 
Furthermore, we recall that if is a solution to the electromagnetic equations ( |3.0. lb) > - p.0.1c[ ), then 



(3.5.3) 



9^1*^ = 0, 



(^ = 0,1,2,3). 
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For the class of electromagnetic energy-momentum tensors considered in this article, we can use the chain rule and Lemma 3-1 
to express T^ v as follows: 

(3.5.4a) Tpy = -2^{g- x Y x T^T^ - * (2) |^ + g 

0*7(1) CV( 2 ) 



(3.5.4b) = -2 

''(J) 

where 



® rp(Maxwell) , \rp 



/n e c\ rri( Maxwell) def / -1\k,\<t7 t~ i_ 

(3.5.5) T^ v > = (g ) T^Tyx - -i(t)g MV 

is the energy-momentum tensor corresponding to the linear Maxwell-Maxwell equations, and 



is the trace of T^ v with respect to g^ u . Furthermore, from ( |3.5.4a| i and the expansions of Lemma 3-2 it follows that 



(3.5.6) ^^^(^-^S-^S 



(3.5.7) V = (m- 1 )^^ - -m A1I ,(m- 1 ) K "(™- 1 ) AC J- KA ^ ??f 



1 

—'i 
4 

+ 0' +1 (|/i]|.F] 2 ) + O i+1 (\T\ 3 ;h). 
We now compute the right-hand side of ( 3.0.1a| ). First, taking the trace of ( |3.5.7| i with respect to g, we compute that 



(3.5.8) {g- 1 )"*T KX = o e+L Qh\\Ff) + £+ W;^). 



Combining ( |3.5.7| > and ( |3.5.8[ ), and using the expansion ( |1.2.1a| i, we have that the right-hand side of ( 3.0. la[ ) can be expressed as 
follows: 

(3.5.9) T MV - \g^{g- l ) KX T KX = {m~ l ) KX F IJtK F uX - ^^^-^(ro- 1 )^^ + O t+ \\h\\T\ 2 ) + O i+1 (\T\ 3 ; h). 
To conclude this section, we note for future use that if is a solution to the inhomogeneous system 

(3.5.10a) Va^> + VpJvA + V^Fam = 0, (A, fx, v = 0,1,2,3), 

(3.5.10b) N*" ukX %^ kX = 3f , f> = 0,1,2,3), 

then with the help of Lemma [3^T| it can be shown that the following identity holds: 

(3.5.11) {9~ 1 ) KX 9«T }u , = yr VK , (i/ = 0,1,2,3). 

Equation p.5.3[ ) corresponds to the special case 3 V = 0, {v = 0, 1, 2, 3). 

3.6. The modified Ricci tensor. Throughout the remainder of this article, we perform the standard wave coordinate system proce- 
dure (see e.g. |Wal84|) of replacing the Ricci tensor R^ v in the Einstein's field equation ( |3.0. la[ > with a modified Ricci tensor i? M „. 
As we will soon see, this replacement transforms equations ( |3.0.1a[ ) into a system of quasilinear wave equations. 

Definition 3.1. We define the modified Ricci tensor of the metric g^ v as follows: 

(3.6.1) R»„ = R^ - \{g KV %T K + g K ^T K } + u^ K (g,g-\dg)T K , 

where the Ricci tensor R^ v is defined in ( |3.0.2b[ ), and the "gauge term" u fl „ K (g,g~ 1 ,dg)r K is a smooth function of g, g , and dg 



that will be discussed in Lemma 3-4 We remark that for purposes of covariant differentiation by @ in equation ( |3.6.1| >, the T M are 



treated as the components of a vectorfield. 



In the next lemma, we perform an algebraic decomposition of the modified Ricci tensor. 
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Lemma 3-4. |LR05 Lemmas 3.1 and 3.2] (Decomposition of the modified Ricci tensor) For a suitable choice of the gauge term 
^[ivk > 9 i c?(?)r K ) the modified Ricci tensor R^y of the metric 9 = t^fxu ~*~ can be decomposed as follows: 



(3.6.2) y 

where 



l{a g g^-^(v,h,v„h)-£fi h \vh,vh)} + 0°°(\h\\vh\ 2 ), 



(3.6.3) U g = f {g~ l T x V K V 



is the reduced wave operator corresponding to g^, and the quadratic terms ^(V^-, Vj,-), •) are defined by their action 

on tensorfields ri M „, 9^, and h^ v as follows: 

(3.6.4) ^(v^v^^^v^Cv^) - ^(v M n reA )(v v e KA ), 

(3.6.5) £^\vh,Vh) ^ (rn l ) xx ' B (Vh x ^h Wv ) - {rn 1 )™' {rn 1 )^' £ KX ,(yh Xll , Vh K ,„) 

+ (m" 1 )™' \mT l ) xx ' ^ K (Vh K/x ,,Vh x „) + {rn 1 )^' {rn l ) xx ' 3 VK (^K'X', Vh Xfl ) 
+ lim- 1 )™' '(m" 1 )** B x ,^h KK r,\Ih Xv ) + i(m- 1 ) w '(ffl" 1 ) W '4,(V/i rf ,VV). 

The bilinear forms J2o(-, •) and •), which appear on the right-hand side of ( |3.6.5| >, are known as the standard null forms. 

They are defined through their action on the derivatives of scalar-valued functions tp, X^y 

(3.6.6a) ^o(V^, Vx) = i™ 1 )^^ xX ), 

(3.6.6b) JMV^, V*) - (V M V)(V,x) " (V„V)(V M x). 

Proof. This decomposition is carried out in Lemmas 3.1 and 3.2 of ILR051. □ 



We conclude this section by observing that ( 3.0.1a| ), ( |3.5.9| >, and ( |3.6.2| > together imply that under the wave coordinate condition 



p.l.la| i, and under the assumption ( |3.3.3a| > on the Lagrangian, the Einstein field equation ( |3.0. la[ > is equivalent to the following 
equation: 



■6.7) G g g^ = ^(V^h,V u h) + £^\vh,XJh) - 2{m- 1 Y x T tlK T l/X + ^m^rn 1 )^ {m' 1 )^ 

+ 0°°(|/i||Vfr| 2 ) + O l+1 {\h\\T\ 2 ) + O i+1 (\T\ 3 ;h). 



3.7. Summary of the reduced system. In this section, we summarize the above results by stating the form of the reduced Einstein 
nonlinear-electromagnetic system system that we work with for most of the remainder of the article, namely equations ( |3.7. la) > - 
( |3.7. lc[ >; the derivation of this version of the reduced equations follows easily from the previous results of this section Section|3] We 
remind the reader that the reduced equations are obtained by by adding the inhomogeneous term -T K "(g~ 1 ) l/X J r K \ to the right-hand 
side of equation ( |3.3.8| l and by substituting the modified Ricci tensor in place of the Ricci tensor in equation ( |3.0.1a| i, and that in a 
wave coordinate system, the reduced system is equivalent to the system ( |3.0. la[ > - ( |3.0.1c| ). 

The Reduced System 

The reduced system (where g^ u = m M „ + nffu + hpv and the unknowns are viewed to be (h^J , T^ v )) can be expressed as 

(3.7.1a) B B h$=Si lu ,-n g h$, (ii,v = 0,1, 2, 3), 

(3.7.1b) Va^V + + V^a m = 0, (A, 0,1/ = 0,1, 2, 3), 

(3.7.1c) N*» vk \„F kX = T , (1/ = 0,1,2,3), 

where n g = f (g~ 1 ) KX V K V \ is the reduced wave operator corresponding to g^ v . 
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The quantities -f) p „, N#^ kX , and fi 1 ' can be decomposed into principal terms and error terms (which are denoted with a "A") as 
follows: 

(3.7.2a) 

(3.7.2b) 
(3.7.2c) 

N*^ kX = ^{(m- 1 y" , (m -1 )" A -(m-^im- 1 )™ - h^imT 1 )^ + h tiX {rn 1 y K - (m -1 )^/^ + (m -1 )^™} + N*^ kX 
where ^(V M /i, V„/i) is defined in $n>A\ , £lfy h \vh, Vh) is defined in g53) ), and 



(3.7.2d) ^ ;,l) (^,e) = -2(m- 1 ) KA J- A1K ^ A + -m^Cm-^^Cm- 1 )^^^, 

(3.7.2e) ^( 2; ^)(V/i,^) = (TO-V K (m-y A V~Y"'(V^/VAO^A, 

(3.7.20 «^ = 0~(W|Vft| a ) + M (\h\\T\ 2 ) + M (\F\ 3 ;h), 

(3.7.2g) ft = O e (\h\\vh\\T\) + 0"{\vh\\T\ 2 - h), 

(3.7.2h) N*^ KX = O e (\(h,T)\ 2 ). 



Furthermore, the left-hand side of ( |3.7.1c| > can be expressed as 
(3.7.3a) 

where 

(3.7.3b) PfofaV?) = (m-yV" 1 )"'!™ Y'V^V^a, 

(3.7.3c) ^ (1 . n {h,VT) = (m-Y K ( m - 1 ) w '(™ 1 ) AA '^V/ S A. 

4. The Initial Value Problem 

In this section, we discuss the abstract initial data and the constraint equations for the Einstein-nonlinear electromagnetic system. 
We then use the abstract initial data to construct initial data for the reduced equations that satisfy the wave coordinate condition 
at t = 0. Finally, we sketch a proof of the well-known fact that the wave coordinate condition is preserved by the solutions to the 
reduced equations that are launched by this data; this result shows that the wave coordinate gauge is a viable gauge for studying the 
Einstein-nonlinear electromagnetic system. 



4.1. The abstract initial data. The initial value problem formulation of the Einstein equations goes back to the seminal work 
|CB52 1 by Choquet-Bruhat. In this article, initial data for the Einstein-nonlinear electromagnetic system consist of the 3-dimensional 
manifold S = M 3 together with the following fields on S : a Riemannian metric g a covariant two-tensor Kjk, and a pair of 

one-forms 5$j. After we construct the ambient Lorentzian spacetime (CDt, g and Kjk will respectively be the first and 

second fundamental forms of So, while f)j, *Sj, which are defined below in Section 9.2 will be an electromagnetic decomposition 
of Tfiulsg into a pair of one-forms that are both m-tangent and g-tangent to So- 

It is well-known that one cannot consider arbitrary data for the Einstein-nonlinear electromagnetic system. The data are subject 
to the following constraints: 

(4.1.1a) R-K ab K ab + [{°g- 1 ) ab k ah \ 2 = 2T(7V,iV)| Eo , 

(4-l.lb) (I'r'kaKbj-ig-'r'^Ka^TiN,^-)^, (j = 1,2,3), 



The Global Stability of the Minkowski Spacetime Solution to the Einstein-Nonlinear Electromagnetic System in Wave 

Coordinates 

25 



(4.1.2a) (g-^i^&^O, 
(4.1.2b) (g~ 1 ) ab i a & b = 0, 

where J? is the Levi-Civita connection corresponding to g , R is the scalar curvature of g , T M „ is defined in ( |3.5.4a| i, and is the 
future -directed unit g-normal to So. The right-hand sides of ( |4. 1 . 1 a| i - ( |4.1.1b| i can (in principle) be computed in terms of and g^ k , 

and 25 with the help of the relations ( |9.2.3| >, which connect these quantities to T^^. In equations ( |4.1.1a| i - ( |4.1.1b[ ), indices 
are lowered and raised with the Riemannian metric g and its inverse (g^ 1 )^. The constraints ( |4. 1 . 1 a| > - ( |4.1.1b| i are manifestations 
of the Gauss and Codazzi equations respectively. These equations relate the geometry of the ambient spacetime (9Jt, gw) (which has 
to be constructed) to the geometry inherited by an embedded Riemannian hypersurface (which will be (So, 9 , ) after construction). 
Without providing the rather standard details (see e.g. |Chr08 1), we remark that they are consequences of the following assumptions: 

• So is a submanifold of the spacetime manifold 9H 

• g is the first fundamental form of So, and Kjh is the second fundamental form of So 

—jk 

• The Einstein-nonlinear electromagnetic system is satisfied along S 

• Along S (viewed as a subset of 50?), *B M = -*T^ K N K and T>^ = -*M^ K N K , where iV M is the future-directed unit g-normal 
to S . 

We recall that under the above assumptions, g and K are defined by 

(4.1.3) g\ p (X,Y)=g\ p (X,Y), VX,reT p S , 

(4.1.4) K\ p (X,Y)=g\ p (S> x N,Y), VX,reT p S , 

where N is the future-directed unit y-normaf^jto So at p, and @ is the Levi-Civita connection corresponding to g. Furthermore, if 
X, Y are vectorfields tangent to S , then 



(4.1.5) ® X Y = S>_ X Y + K(X,Y)N. 

We also remind the reader that our stability theorem requires that the abstract initial data decay according to the rates ( |1.0.3a| > - 
( fLOJf) . 

4.2. The initial data for the reduced equations. We assume that we are given "abstract" initial data (g Kjk, JK, 2$i), (j, k = 

—JK 

1,2,3), on the manifold R 3 for the Einstein equations as discussed in the previous section. In this section, we will use this data 
to construct data (g^^o, dtg^^o, ^/j.v\t=o), (a*j ^ = 0, 1, 2, 3) for the reduced equations ( |3.7. la| > - ( |3.7. lc| > that satisfy the wave 
coordinate condition r M | t= o = 0. We begin by recalling that x( z ) is a fixed cut-off function with the following properties: 

(4.2.1) x £ C°°, x = 1 for £ > 3/4, x = 0forz<l/2. 
We then define the function A(x , x 2 , x 3 ) > by 

(4.2.2) A 2 ^l-— X (r), r A = l \x\. 

r 

We define the data for the spacetime metric g^ v by 

(4.2.3a) ffoo|t=o = -A 2 , goj\t=o = 0, 9jk\t=o = 9 jk , 

(4.2.3b) a tff0 o| t =o = 2A 3 (g- 1 ) ab K ab: d t g 0j \t=o = A 2 (g 1 ) ab d a g bj - ^{g^d^ - AdjA, d t9jk \ t=0 = 2AK jk , 
and the data for the Faraday tensor T^v by 

(4.2.4a) ^o| t =o = 4, 

(4.2.4b) F jk \ t=0 = [ijk]Bi. 



'Under the above assumptions, it follows that at every point p e So , N 1 * = ( A 1 , 0,0,0). 
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The one-forms Ej and Bj can be expressed in terms of h jk and the one-forms T)j and Q3j appearing in the constraint equations 
( |4.1.2a| i - ( |4. 1.2b| > by using the relations ( |9.2.3[ ) and ( |9.2.4 i below. The precise form of this relations depends on the choice of 



Lagrangian *Jzf, but in the small-data regime, the estimates ( 9.2.7| > ( |9.2.8a| i, and 49.2.8b) hold. 



We now state the main result of this section, which is a lemma showing that the wave coordinate condition is satisfied at t = 0. 

Lemma 4-1. (Wave coordinate condition holds at t = 0) Suppose that the initial data (g fJ , v \t=o,dtg IJ ,u\t=o), (/•*, f = 0, 1,2, 3), for 
the reduced equations are constructed from abstract initial data (g , Kj k ), (j,k = 1,2,3) as described above. Then the wave 
coordinate condition holds initially: 

(4.2.5) H t =o, ( M = 0,l,2,3). 

Proof. Lemma 4-1 follows from the expression 43.1.1c) , the definitions ( |4.2.3a| i - ( |4.2.3b| i, and simple calculations. □ 



Note that the above definitions induce the following data for the spacetime metric "remainder" piece h$ , which is defined by 
41.2.1a) - 41.2.1c) : 

(4.2.6a) 4o ) lt=o = 0, h$\ t=0 = 0, hf^o = h$, 

(4.2.6b) d t h^ = 2A 3 (g- 1 ) ab K ab , d t h^\ t=Q = A 2 (g 1 ) ab S^. - ^A 2 (g 1 )^ - AdjA, d t h^\ t=0 = 2AK jk . 

Similarly, the following data are induced in = h$ + h$ , which is defined in 41.2.1b) : 

(4.2.7a) h o\t=o = x( r )-^- , h oj \ t=0 =0, hjk\t=o = f$ + x(r)- — > 

(4.2.7b) d t h 00 \ t= o = 2A 3 (g- 1 ) ab K ab , d t h oj \ t=0 = A 2 (g 1 ) ab d a g bj - \& 2 (g 1 ) ab - Ad 3 A, d t h jk \ t=0 = 2AK jk . 



We will make use of these facts in our proof of Proposition ! 1 Q~ 1 below. 

4.3. Preservation of the wave coordinate gauge. In this section, we sketch a proof of the fact that if the reduced data are constructed 



from abstract data as described in Section 4.2 then the wave coordinate condition T' 1 = is preserved by the flow of the reduced 
equations. This result requires the assumption that the abstract data satisfy the constraints 44.1.1a) - 44.1.2b) . To simplify the 
discussion, we assume in this section that the data are smooth. However, the result also holds in the regularity class we use during 
our global existence proof. We remark that this result is quite standard, and that we have included it only for convenience. 

Proposition 4-2. (Preservation of the wave coordinate gauge) Suppose that (g MJ/ |t=o, 9t5/xi/|t=o> ■2>v|t=o) > (Mj v = 0, 1, 2, 3) , are 
smooth initial data for the reduced equations 43.7.1a) - 43.7.1c) constructed from abstract initial data satisfying the constraints 



44.1.1a) - 44.1.2b) as described in Section 4.2 In particular, by Lemma 4-1 the wave coordinate condition r M | t= o holds. Assume 
further that the reduced data are small enough so that they lie within the regime of hyperbolicit]^\ of the reduced equations. Let 
(g )iv , F nv) be the corresponding solution to the reduced equations that is launched by the data. Then P e holds in the entire 
maximal globally hyperbolic development of the da tc^\ 

Sketch of proof: Our goal is to show that whenever we have a smooth solution to the reduced equations 43.7.1a) - 43.7.1c) , the 



t=o 



corresponding T M satisfy a system of wave equations with principal part equal to (g ) d K d\ and with trivial initial data T M 
i9 t r M | t= o = 0. The conclusion that = in the maximal globally hyperbolic development of the data then follows from a standard 
uniqueness theorem based on energy estimates (see e.g. [H6r97 1, | Sog08 1 for the ideas on how to prove such a theorem). To derive the 
equations satisfied by the T^, we will view T M as a vectorfield for purposes of covariant differentiation. We apply (g~ 1 )" x 3 ! \ to each 
side of equation 4433) , use the Bianchi identity (g' 1 ) l ' x &\(R f _ l „ - \Rg^) = 0, the fact that (g- 1 ) uX 2> x T^ = -T K (g- 1 ) flx F K \ 



(see Remark 3.3 and 43.5.11) ), the curvature relation < 3> lli Q! K Y K = S> K & fi T K - R fiK T K , and expand the covariant derivatives in terms 
of coordinate derivatives and Christoffel symbols to deduce that the are solutions to the following hyperbolic system of wave 
equations: 

(4.3.1) (g-^ajxT" = A»l(g,g-\dg)d K T x + B^g' 1 ,dg,T)T K , ( M = 0,1,2,3), 

where the A^(g(t, x), x),dg(t, x)) and B^ K (g(t 7 x), g~ x (t, x),dg(t, x), T(t, x)) are smooth functions of (t,x). 



'Since our electromagnetic equations are perturbations of the linear Maxwell-Maxwell equations, there will always be such a regime. 
Roughly speaking, this is the largest possible solution that is uniquely determined by the data. 
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To complete our sketch of the proof, it remains to show that dfT^l^o = 0. We first recall (see Remark |3~3| l that equation ( |3.6.2[ ) 
is obtained by adding the gauge term -|{g K1 ,S? M r K + g K ^ u T K } + u fll/K (g,g~ 1 ,dg)T K to the expression ( 3.0.2b| > for i? M „. Conse- 
quently, it follows that for a solution to the reduced equations ( |3.7. la) > - ( |3.7. lc| >, we have that 

(4.3.2) R„ u - l -Rg^ - T M „ = ^{g K „%T K + g K ^ v Y K ) - u^ K (g, g' 1 ,dg)T K 

- g^ x T x + ^(fl- 1 )" A tt^5(s,ff" 1 ,55)r tf , (^ = 0,1,2,3). 

The left-hand side of ( |4.3.2| is simply the difference of the left and right sides of the Einstein equations ( |1.0.1a| i. Since the abstract 

initial data (g , Kjk , t)j , %j ) , (j, k = 1,2,3), are assumed to satisfy the constraint equations ( |4.1.1a| i - ( |4.1.1b[ ), it follows that the 

. . 

left-hand side of ( |4.3.2| ) is equal to at t = after contracting against N<- L N y or N^X V , where is the future-directed unit 
g-normal to S and X 1 - 1 is any vector tangent to S . 

Recalling that N^^o = A~ 1 5q, and choosing X v = 6j, it therefore follows that the right-hand side must also be equal to at 
t = upon contraction: 

(4.3.3a) iz/Ko^r" - u 00K (g,g-\dg)T K - 9oo ^T x + ^oo(.^ ' )" A "„a,( ' ■ W ) \ = n. 

(4.3.3b) 



fyg«j9tT* + g K0 ^jT K ] - u 0jK (g,g-\dg)T K - g^ x T x + ^{^T^xsig^g^.dg)^ \_ q = 0, (j = 1,2,3). 

Expanding the covariant differentiation in ( |4.3.3a[ ) - ( |4.3.3b| > in terms of coordinate derivatives and Christoffel symbols, and using 
( |4.2.3a| > - ( |4.2.3b| i plus the fact that the initial data were constructed so as to satisfy r^| t= g = 0, it is easy to check that 9 t T M must also 
necessarily be trivial at t = : 

(4.3.4) 5 t H t =o = 0, (j* = 0,1, 2, 3). 

This completes our sketch of the proposition. 



□ 



5. Geometry and the Minkowskian Null Frame 



In this section, we introduce the families of ingoing Minkowskian null cones C~ , outgoing Minkowskian light cones C + q , constant 
Minkowskian time slices S t , and Euclidean spheres S r .t- We then discuss the well-known notion of a Minkowskian null frame, 
which allows us to geometrically decompose the tangent space as a direct sum T| p IR 1+3 = span{L| p } ® span{i| p } ffi T\ P S, 



r.t- 



These decompositions allow us to geometrically decompose tensorfields. In Section [53] we provide a full description of the null 
decomposition of a two-form T into its Minkowskian null components. This decomposition will be essential to our subsequent 



analysis of the decay properties of the Faraday tensor. In Section 9.1 we will derive equations for these null components under the 



assumption that J 7 is a solution to the reduced electromagnetic equations ( |3.7.1b[ ) - ( |3.7.1c| ). In Section 15 we will use the equations 
for the null components to deduce "upgraded" pointwise decay estimates for the lower-order Lie derivatives of T\ these estimates 
are essential for closing our global existence bootstrap argument in Section[l6| 



5.1. The Minkowskian null frame. Before proceeding, we introduce the subsets C*, C s , E 4 , S r .t- 

Definition 5.1. In our wave coordinate system (t,x), we define the outgoing Minkowski null cones C* ingoing Minkowski null 
cones C~, the constant Minkowskian time slices S t and the Euclidean spheres S r> t as follows: 

(5-l.la) C + q i = ( {(T,y)\\y\-T = q}, 

(5.1.1b) C- d = t {(T,y)\\y\ + r= S } : 
(5.1.1c) E t = {(r,y) |r = t}, 

(5.1. Id) Sr /= ( {(T,y)\r = t,\y\ = r}, 



'In fact, one derives the constraint equations by assuming that these contractions are at t = 0. 
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In the above formulas, y = f (y 1 , y 2 , y 3 ), and \y\ = f [(y 1 ) 2 + (y 2 ) 2 + (y 2 ) 2 ] 

We also introduce the following vectorfields, which play a fundamental role throughout this article. 

Definition 5.2. We define the ingoing Minkow ski-null geodesic vectorfield L and the outgoing Minkow ski-null geodesic vectorfield 
L by 

(5.1.2a) U 1 = (1,-lo 1 ,-u 2 ,-u 3 ), 

(5.1.2b) V 1 = (lVW), 

where a;- 7 =' /r. By "Minkowski-null," we mean that m(L,L) = m(L,L) = 0. Note that L is tangent to the ingoing cones 
C~, that L is tangent to the outgoing cones C* , and that L, L are both m-orthogonal to the SV,t- By "geodesic," we mean that 
VlL = V L L = 0. 

Note that 

(5.1.3a) L = d t -d r , 

(5.1.3b) L = d t + d r . 

We now recall the definitions of the Minkowskian first fundamental forms of the surfaces S t and SV,t- 

Definition 5.3. The Minkowskian first fundamental forms of the surfaces S t and SV,t are respectively defined to be the following 
intrinsic metrics: 

(5.1.4a) m^=diag(0, 1,1,1), 

(5.1.4b) rfi^ A = m^ + ]^(L^L u + L^L V ). 

Recall that m\ p (X, Y) = m\ p (X, Y) for X, Y e T\ p E t , and rfi {X, Y) = m(X, Y) for X, Y e T\ p S rit . Note also that the tensorfields 
and rfi^ respectively m-orthogonally project onto the S t and the S r . t - 
We now defined a related tensorfield corresponding to the outgoing Minkowski null cones C + q . 

Definition 5.4. The tensorfield n^, which m-orthogonally projects vectors X^ onto the outgoing cones C*, can be expressed as 
follows: 



(5.1.5) n^= f S; + -L,L\ 



>ef + 1 

2 

Furthermore, we recall the definitions of the Minkowskian volume forms of Minkowski space and of the surfaces S t and S r .t ■ 

Definition 5.5. The Minkowskian volume forms of Minkowski spacetime, the surfaces S t , and the Euclidean spheres S r t are re- 
spectively defined relative to our wave coordinate system as follows: 

(5.1.6a) Vn VK \ = f [hvk\], 

(5.1.6b) v vk \*^vq vk \, 
(5.1.6c) f^ = v^ KX L K L\ 

where [/ivkX] is totally anti-symmetric with normalization [0123] = 1. 

We also recall what it means for a spacetime tensorfield to be m-tangent to the surfaces S t or S r . t - 
Definition 5.6. Let U be a type ( ™) spacetime tensorfield. We say that U is m-tangent to the time slices E t if 

(5.1.7) U u u ^-"» =m l ^-m l ^m v , 1 -m^U , 

v ' Cl-fm Ml Urn v\ v' n Hx—Hm 

Equivalently, U is m-tangent to the S t if and only if every wave coordinate component of U containing a index vanishes. 
Similarly, we say that U is m-tangent to the spheres S r t if 



v \"' u n 
"Cm 



(5-1.8) ^i-/C""" B - - ^ 

Equivalently, [/ is m-tangent to the spheres SV,t if and only if any contraction of any index of U with either L or L vanishes. 
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We are now ready to introduce the notion of a Minkowskian null frame. We complement the vectorfields L, L with a locally- 
defined pair of m-orthogonal vectorfields e\, e 2 that are tangent to the spheres SV,t, and therefore m-orthogonal to L, L. The 
resulting collection of vectorfields Af = f {L, L, e\, e 2 } is known as Minkowskian null frame. It spans the tangent space T|pIR 1+3 at 
each point p where it is defined. 

We leave the proof of the following lemma, which summarizes some of the important properties of the geometric quantities 
introduced in this section, as an exercise for the reader. 

Lemma 5-1. (Null frame field properties) The following identities hold: 

(5.1.9a) V L L=V L L = 0, 

(5.1.9b) Vl£ = Vl£ = 0, 

(5.1.9c) L K L K = -2, 

(5.1.9d) e A L K = e K A L K = 0, (A =1,2), 

(5.1.9e) m KX e A e x B = S AB , (A. B = 1,2), 

(5.1.10) Vl j/i„„= Vl rfi^ = 0, (p,v = 0,1,2,3), 

(5.1.11) Vl^ = Vl^ = 0, (/i,i/ = 0,l,2,3). 
See Defmition \6.2\ concerning our use of notation in these formulas. 

□ 

Later in the article, we will see that the decay rates of the null components (see Section |53j ) of T will be distinguished according to 
the kinds of contractions of T taken against L,L,ei, and e 2 . With these ideas in mind, we introduce the following sets of vectorfields: 

(5.1.12a) £ = T={L, ei ,e 2 }, M = {L, L,e u e 2 } . 

In order to measure the size of the contractions of various tensors and their covariant derivatives against vectors belonging to the sets 
£, T,Af, we introduce the following definitions. 

Definition 5.7. If V,W denote any two of the above sets, and P is a type (") tensor, then we define the following pointwise 
seminorms: 

(5.1.13a) |P|vw= f E \V k W x P kX \, 

ViV,WiW 

(5.1.13b) |VP|vw= f E \V k W x N^V 7 P kX \, 

NeAf,VtV,WeW 

(5.1.13c) \VP\vw= £ |F k ^ a TTv 7 P k a|. 

TeT,VeV,WeW 

We often use the abbreviations \P\ = \P\maT, |VP| = f \VP\mm, and |VP| d = \VP\mM- 

The above definition generalizes in an obvious way to arbitrary type [J^j tensorfields U^.."^ . Observe that for any such 
tensorfield, the following inequalities hold in our wave coordinate system: 

5.2. Minkowskian null frame decomposition of a tensorfield. For an arbitrary vectorfield X and frame vector N e Af, we define 
(5.2.1) X N = X K N K , where X^ = m^X". 

The components X^ are known as the Minkowskian null components of X. In the sequel, we will abbreviate 



(5.2.2) 



Va = V eA , etc. 
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It follows from < |53j) that 

(5.2.3) X = X K d K = X L L + X^L + X A e A , 

(5.2.4) X L = ~X L , X±=~X l , X a = X a . 
Furthermore, it is easy to check that 

(5.2.5) m(X,Y) = m KX X K X x = X K Y K = -lx L Y L -^X & Y L + S AB X A Y B . 

The above null decomposition of a vectorfield generalizes in the obvious way to higher order tensorfields. In the next section, we 
provide a detailed version of the null decomposition of two-forms T , since this decomposition is needed for our derivation of decay 



estimates later in the article; see e.g. Proposition 9-2 and Proposition 1 1-4 



5.3. The detailed Minkowskian null decomposition of a two-form. 

Definition 5.8. Given any two-form T, we define its Minkowskian null components to be the following pair of one-forms a , a M , 
and the following pair of scalar p, a : 

(5.3.1a) « M =Vv^Ai\ 01 = 0,1,2,3), 

(5.3.1b) a/=Tfi^T„ x L\ ( M = 0,1,2,3), 

(5.3.1c) p=^T KX L K L\ 

(5.3. Id) a d = f ^ K V KA . 

It is a simple exercise to check that a and a M are m-tangent to the spheres S ri t '■ 

(5.3.2a) a K L K = 0, a K L K = 0, 

(5.3.2b) a K L K = 0, a K L K = 0. 

Furthermore, relative to the null frame J\f = f {L, L,e\,e2}, we have that 



(5.3.3a) 
(5.3.3b) 



a . 



OLA 



■ Fal, 

1 



2 

^12 



•F LL , 



(5.3.3c) p- 
(5.3.3d) a = 

In terms of the seminomas introduced in Definition \5J\ it follows that 



(A = 1,2), 
(A = l,2), 



(5.3.4a) 
(5.3.4b) 
(5.3.4c) 



\F\ « \F\NN « |o| + |a| + |p| + |<t| 
l-^W « M + \p\, 
|^7T«H + H- 



The null components of ®T (the Minkowskian Hodge duality operator ® is defined in Section 2.6 1 can be expressed in terms of 
the above null components of T . Denoting the null component^ 19 | of ®T by e a, e a, e p, e a, we leave it as a simple exercise to the 
reader to check that 



(5.3.5a) 
(5.3.5b) 
(5.3.5c) 
(5.3. 5d) 



© 



o 



a 



-a 



*i>BA, 



B 

a • - •■ 
p = a, 



ctA = a t/jba, 



(A =1,2), 
(A =1,2), 







a 



-p. 



'We use the symbol © in order to avoid confusion with the Minkowskian Hodge duality operator ®; i.e., it is not true that ^of^ 7 ]) = af®^]- 
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6. Differential Operators 

In this section, we introduce a collection of differential operators that will be used throughout the remainder of the article. In 
order to define these operators, we also introduce subsets O and Z of Minkowskian conformal Killing fields. Finally, we prove a 
collection of lemmas that expose useful properties of these operators, and that illustrate various relationships between them. 



6.1. Covariant derivatives. As previously mentioned, throughout the article, V denotes the Levi-Civita connection of the Minkowski 
metric to. Let to and rfi be the first fundamental forms of the E t and <SV,t as defined in Definition |5. 3 1 and let V, f be their corre- 
sponding Levi-Civita connections. We state as a lemma the following well-known identities, which relates the connections V, 'f to 
V through the first fundamental forms. 

Lemma 6-1. (Relationships between connections) IfU is any type ( n ) tensorfield m-tangent to the £ t , then 

(6-1.1) y A (/ w ..;:-" = m^'m^--m^m^---n^yx>u^-<, 

Similarly iflfU is any type (™) tensorfield m-tangent to SV,t then 

(6-1-2) fx U^...;^ =rfi?tfig •- rfi£rfi% ■- rfi% V^,...^""". 

We recall the following fundamental properties of the connections V, V, and f: 

(6.1.3a) v a to^ = = VaC^- 1 )^, = 0, 1,2,3), 

(6.1.3b) ¥ J jn )iV = 0, (A, fi,u = 0,1, 2, 3), 

(6.1.3c) f\rfi^ = 0, (A,/i,i/ = 0,l,2,3). 

We will also make use of the projection of the operator V onto the favorable directions, i.e., the directions tangent to the outgoing 
Minkowski cones . 

Definition 6.1. If U is any type ( n ) spacetime tensorfield, then we define the projected Minkowskian covariant derivative \7U by 



v\—v n _ — A' 

VA^ r .. 

where the projection is defined in ( |5.1.5| >. 



Remark 6.1. Note that only the A component is projected onto the outgoing cones, so that the tensorfield Va^j...^ 1 need not 
be m-tangent to the outgoing Minkowski cones. 

Definition 6.2. If X is any vectorfield, then we define the covariant derivative operators Vx and fx by 

(6.1.5a) V X =X K V K , 
(6.1.5b) fx=X K f K . 

6.2. Minkowskian conformal Killing fields. In this section, we introduce the special set of vectorfields Z that appears in the 
definition ( |1.2.7| i of our energy £t,y,v.(f), and in the weighted Klainerman-Sobolev inequality ( |1.2.10[ ). We begin by recalling that a 
Minkowskian conformal Killing field is a vectorfield Z such that 

(6.2.1) V ll Z u + \J v Z^ = {z) 4>m^ 
for some function ^ z ^(/)(t, x). The tensorfield 

(6.2.2) ^tt^^V^ + V^ 

is known as the Minkowskian deformation tensor of Z. If 7r M „ = 0, then Z is known as a Minkowskian Killing field. We also recall 
that the conformal Killing fields of the Minkowski metric form a Lie Algebra generated under the Lie bracket [■, •] (see ( |6.3.1| l) 
that is generated by the following 15 vectorfields (see e.g. IChr08ll ): 

(i) the four translations = -^-p, (fJ- = 0, 1, 2, 3), 
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(ii) the three rotations Q, jk = xj-^ - x k ^j, (1 < j < k < 3), 

(iii) the three Lorentz boosts £lj k = f -t g|j - Xj-^, (j = 1, 2, 3), 

(iv) the scaling vectorfield 5 = f a; K , 

(v) the four acceleration vectorfields = f -2x^3 + g [ K \x K x x -J^ , /i = (0, 1, 2, 3). 

It can be checked that the translations, rotations, and Lorentz boosts are in fact Killing fields of m M „. 

Two subsets of the above conformal Killing fields will play a prominent role in the remainder of the article, namely the rotations 
O and a larger set Z, which are defined by 

(6-2-3a) O d = f {^ fc } l£j<fc£3 , 

The vectorfields in Z satisfy a strong version of the relation ( |6.2.1| i. That is, if Z e Z, then 
(6.2.4) V^Z u = ^c^, 

where the components are constants in our wave coordinate system. In particular, we compute for future use that 

(6.2.5a) V pSz, = to^„, 

(6.2.5b) V m (^ k a)^ = m^rrivx - m^m^. 

We note in addition that if Z e Z. then there exists a constant cz such that 

(6.2.6) V n z » + ^v z n = c-zm^y. 

Furthermore, by contracting each side of ( |6.2.6| > against (m _1 ) M1/ , it follows that 

(6-2.7) cz = hz) < = hz) c :. 



6.3. Lie derivatives. As mentioned in Section 1.2.3 it is convenient to use Lie derivatives to differentiate the electromagnetic 
equations ( |3.7.1b[ ) - ( |3.7.1c| i. In this section, we recall some basic facts concerning Lie derivatives. 

We recall that if X, Y, are any pair of vectorfields, then relative to an arbitrary coordinate system, their Lie bracket [X, Y] can be 
expressed as 

(6.3.1) [X,YY = X K d K Y» -Y K d K X». 
Furthermore, we have that 

(6.3.2) C X Y=[X,Y], 

where C denotes the Lie derivative operator. Given a type ( ) tensorfield U, and vectorfields Yru, •■•Y( m ), the Leibniz rule for C 
implies that ( |6.3.2[ ) generalizes as follows: 

n 

(6.3.3) (^)(%)r" ) y( m )) = W(i)r-^w)}-E%)rsni-i).[ x »%].%i)."^w)- 

Using Lemma [6^2| below, we see that the left-hand side of ( |6.2.6| > is equal the Lie derivative of the Minkowski metric. It therefore 
follows that if Z e Z, then 

(6.3.4a) Czm^ = c z m^ u , 

(6.3.4b) {Lzrn 1 )^ = -c z {m~ l y u , 

where the constant cz is defined in ( |6.2.6| l. 
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6.4. Modified covariant and modified Lie derivatives. It will be convenient for us to work with modified Minkowski covariant 
derivatives V z and modified Lie derivative^\c z ■ 

Definition 6.3. For Z € Z, we define the modified Minkowski covariant derivative Vz by 

(6.4.1) Vz d =Vz + c z , 

where cz denotes the constant from ( |6.2.6| l. 

For each vectorfield Z e Z, we define the modified Lie derivative Cz by 

(6.4.2) Cz = Cz + 2c z , 
where cz denotes the constant from ( |6.2.6| l. 



6-3 



shows that Cz^\\T, 



The crucial features of the above definitions are captured by Lemmas 6-8 and 6-9 below. The first shows that for each Z e Z, 
V zO m <P = O m Vz4>i where D m = (m _1 ) KA V k Va is the Minkowski wave operator. The second shows that C z{\{mr l ) tlK ' (rrT 1 ) uX - 

{m~ 1 Y x {rrr 1 ) VK ]v li J : K )^ = [(m- 1 )^ re (TO-O yA -(m~ 1 )^ A (m- 1 ) yre ]v^£z^ K A-Furthennore,I^mnia( 

= V^xCzJ 7 ^, where [•••] denotes anti-symmetrization. These commutation identities suggest that the operators Cz and Vz are 
potentially useful operators for differentiating equations ( |3.7.1a| > and ( |3.7.1b[ ) - ( |3.7. lc[ > respectively. This suggestion is borne out in 
Propositions 1 1 1-4| and 1 1 1-6| which show that the inhomogeneous terms generated by differentiating the nonlinear equations have a 
special algebraic structure, a structure that will be exploited during our global existence bootstrap argument. 

6.5. Vectorfield algebra. We introduce here some notation that will allow us to compactly express iterated derivatives. If A is one 
of the sets from ( |6.2.3a| i - ( |6.2.3b[ ), then we label the vectorfields in A as Z Ll Z' d , where d is the cardinality of A. Then for any 
multi-index / = (ii,— , t*) of length k, where each e {1, 2, d}, we make the following definition. 

Definition 6.4. The iterated derivative operators are defined by 

(6.5.1a) = Vz'i o — o Vz'fc, 

(6.5.1b) V^'feo-oW'i, 

(6.5.1c) C\ = f Cz'i ° ••• ° Cz^k , 

(6.5.1d) t\ = t z -i o-o4.», 
etc. 

Similarly, if / = (/xi, — , fi^) is a coordinate multi-index of length k, where /ii, — , ^ e {0, 1, 2, 3}, and U is a tensorfield, then we 
use shorthand notation such as 

(6.5.2) V J C/= f V W "V M t/, 
etc. 

Under the above conventions, the Leibniz rule can be written as e.g. 

(6.5.3) Cz(UV)= Y, 

h+i 2 =i 

etc., where by a sum over I\ + I2 = I, we mean a sum over all order preserving partitions of the index / into two multi-indices; 
i.e., if / = (ii, — , tfc), then 1\ = {ii 1 ,---,b% a ),Ii = (t Wl ,'",i,J, where is any re-ordering of the integers 1, k such that 

ii < ■■■ < i ai and i a+1 < ■■■ < i k . 

The next standard lemma provides a useful expression relating Lie derivatives to covariant derivatives. 

Lemma 6-2. | Wal84| (Lie derivatives in terms of covariant derivatives) Let X be a vectorfield, and let U be a tensorfield of type 
(^). Then CxU can be expressed in terms of covariant derivatives ofU and X as follows: 

(6.5.4) C X U^- V - = Vz^... M I r ^ + EW-mT"" + - + V Mm X K 



Note that these are not the same modified Lie derivatives that appear in |BZ09|, ICK93l.andgipOOI. 
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□ 



The next lemma shows that the operators Lz and Lz commute with V if Z e Z. 



Lemma 6-3. (Cz and V commute) Let V denote the Levi-Civita connection cor respo ndi ng to the Minkowski metric m, and let I be 



a 2 -multi- index. Let C z be the iterated modified Lie derivative from Definitions 



6.3 



and 



6.4 



Then 



(6.5.5) 



[V,£i] = 0, 



[V,£i]=Q. 



In an arbitrary coordinate system, equations ( |6.5.5[ ) are equivalent to the following relations, which hold for all type ( n ) tensor- 
fields U : 



Proof. The relation ( |6.5.5[ ) can be shown via induction in |/| using ( |6.5.4[ ) and the fact that V VZ = 0. □ 

The next lemma captures the commutation properties of vectorfields Z e Z. 

Lemma 6-4. [CK90, pg. 139] (Lie bracket relations) Relative to the wave coordinate system {2^)^=0, 1,2, 3, the vectorfields be- 
longing to the subset Z '= { g^r, £1^, S} a<fl<u<3 of the Minkowskian conformal Killing fields satisfy the following commutation 
relations, where ^ 'c * is defined in ( |6.2.4| >: 



(6.5.7a) 
(6.5.7b) 

(6.5.7c) 

(6.5.7d) 
(6.5.7e) 



d d 
dx^ ' dx v 



o = (^) c «JL 

" dx- ' 
d d 



d_ 

dx K 



d 



. dx^ 



,S 







d 

Q x p. P> Q X K ' 



(ji,v = 0,1, 2, 3), 
(A,/i,i/ = 0,l,2,3), 

(/i = Q, 1,2,3), 

(k,X,^,u= 0,1,2,3), 
(//,!/ = 0,1, 2, 3). 



□ 



We now state the following simple commutation lemma. 



Lemma 6-5. (Vz, V^_ commutation relations) Let Z € Z. Then relative to the wave coordinate system {x p } M= o 123, the differ- 
ential operators V_a_ and V z satisfy the following commutation relations: 



[V ,Vz] 



_9_ 

9x K ' 



(6.5.8) 

where ^ Z 'c * is defined in ( |6.2.4| >. 

Proof. The relation ( |6.5.8| l follows from Lemma 6-4 and the identity [Vx, Vy] = V[x,y]> which holds for all pairs of vectorfields 
X, Y; this identity holds because of the torsion-free property of the connection V and because the Riemann curvature tensor of the 
Minkowski metric m^u completely vanishes. □ 

The next lemma shows that the operators V and V z commute up to lower-order terms. 

Lemma 6-6. (V and V z commutation inequalities) Let U be a type ( n ) tensorfield, and let I be a Z -multi-index. Then the 
following inequality holds: 



(6.5.9) 

Proof. Using ( |5.1.14| i, we have that 



\v J z vu\ < |vv^u| + £ \vv J z u\. 

\J\<\I\-1 



(6.5.10) |V^W|» Z IviV b U\. 

fj,=0 

We therefore repeatedly apply Lemma 6-5 to deduce that there exist constants Cj.j such that 
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(6.5.11) V Z V o U=V a V Z U + Y, ZCIjVsW'zU. 

J|<|/|-1 v=0 

Inequality (6.5.9) now follows from applying (5.1.14) to each side of (6.5.1 1) . 

□ 

The next lemma captures some important differential identities. 

Lemma 6-7. (Geometric differential identities) Let L, L be the Minkow ski-null geodesic vectorfields defined in (5.1.2a) - (5.1.2b) , 

and let O e O. Then the vectorfields, L, L, O mutually commute: 

(6.5.12) [L,L]=0, [L,O] = 0, [L,O]=0. 
Furthermore, let v K \^ u , ififw denote the volume forms defined in (5.1.6a) and (5.1.6c) . Then 

(6.5.13a) £ o v«Aam/ = 0, 

(6.5.13b) £ o rji^ = 0, 

(6.5.13c) C o f^ = 0- 



Proof. (6.5.12) can be checked via simple calculations using the definitions (5.1.2a) - ( 5.1.2b) of L and L, the definitions of the 



rotations O e O given at the beginning of Section [6\2] and the Lie bracket formula ( 6.3.1 1. ( 6.5.13a) follows from the well-known 



identity £^d s j f = ^ x ^^gV K xnv: where ^7T M!/ is defined in (6.2.2) , together with the fact that Com^u = ^°^^v = (i.e., that 
O is a Killing field of m M!/ ). (6.5.13b) and (6.5.13c) then follow from definitions (5.1.4b) , (5.1.6c) , and (6.5.12) - (6.5.13a) . □ 

The next lemma shows that the modified covariant derivatives X7 Z have favorable commutation properties with the Minkowski 
wave operator. 

Lemma 6-8. (S7 Z ana " Dm commutation properties) Let I be a Z -multi-index, and let (f> be any function. Let V z be the iterated 



modified Minkowski covariant derivative operator from Definitions 6.3 and 6.4 and let n m = (m 1 ) kA V k V a denote the Minkowski 
wave operator. Then 

(6.5.14) v I z n m (t)=n m v I z (t). 

Proof. Using the symmetry of the tensorfield V K V\4>, together with (6.1.3a) , (6.2.6) , and definition (6.4.1) , we compute that 

(6.5.15) n m V z <P = (m- 1 ) KA V re VA(^ C V^) = V z n,^ + 2(v K Z x )y x v K (f> 

= VzU m (t> + (V K Z X + V A Z k )V k Va<^ 

= Vzn m ^> + c Z D m 4> 

dcf » , 
= VZO m (f>. 

This proves (6.5.14) in the case |7| = 1. The general case now follows inductively. 

□ 



The next lemma shows that the modified Lie derivative C z operator has favorable commutation properties with the linear Maxwell 
term V ^ w = §[(m- 1 y" , (m -1 ) , ' A - (m -1 )"^- 1 )""]? ^ K x- 

Lemma 6-9. (Commutation properties of C z with linear Max we ll ter m) Let I be a Z -multi-index, and let T be a two-form. Let 
C z be the iterated modified Lie derivative from Definitions 



6.3 



and 



6.4 



Then 



(6.5.16) ^{[(m-'r^m- 1 )^ - (m^V^rl V«a} 

= [(m- 1 r t (m- 1 ) tfA - {m-^im- 1 )^ ^ Z T KX . 
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Proof. Let Z e Z. By the Leibniz rule, ( |6.3.4b| i, and Lemma [6^3] we have that 



(6.5.17) Cz^m^Y^m- 1 )^ - (m~ 1 )'* A (m~ 1 r1 V k a} 

= -2c z [(m- 1 )' 1K (m- 1 )^ - {m- 1 Y\m- x ) VK ]v ^ 
+ [(m- 1 ) fUt (m- 1 y x - (m-'r^m-'r^V^CzT^. 

It thus follows from Definition 16. 3 1 that 

(6.5.18) £ z {[(m- 1 ) >ut (m- 1 )'' x - (rn^irn 1 )^} V^« A } 

This implies ( |6.5.16| l in the case |/| = 1. The general case now follows inductively. □ 

The next lemma shows that some of the differential operators we have introduced commute with the null decomposition of a 
two-form. 

Lemma 6-10. (Differential operators that commute with the null decomposition) Let T be a two-form and let a, a, p, and a be 

its null components. Let O e O be any of the rotational Minkowskian Killing fields Qjk, (I < j < k < 3). Then Co^J 7 ] = alCoJ 7 ], 
Cool[T] = alCoJ 7 ], CopI^ 7 ] = plCoJ 7 ], and Co^l^ 7 ] = crlCoJ 7 ]- An analogous result holds the operators Vl and Vl; i.e., 
Co, Vlj an d V l commute with the null decomposition of T . 

Proof. Lemma |6 - 1 1 f olio w s from Lemma |5~T| ( |6.1.3a| i, and Lemma [6^7] □ 

The next lemma shows that weighted covariant derivatives can be estimated by covariant derivatives with respect to vectorfields 
ZeZ. 

Lemma 6-11. 1LR10I Lemma 5.1] (Weighted pointwise differential operator inequalities) For any tensorfield U and any two-tensor 
II, we have the following pointwise estimates: 

(6.5.19a) (1 + t + \q\WU\ + (1 + \q\)\\7U\ < £ \v' z U\, 

\i\<i 

(6.5.19b) |vV| + r^lWISr-^l + i + M)- 1 £ \^zU\, |vV| ^|vW|, 

\I\<2 

(6.5.i9c) |ir A v K v A c/| <{(! + * + M) _1 |n| + (l + kl) _1 |n| ££ } £ |vv^t/|. 

|7|<1 

□ 

The next lemma shows that rotational Lie derivatives can be used to approximate weighted SV^-intrinsic covariant derivatives. 

Lemma 6-12. [SpelO, Lemma 7.0.17] (Weighted covariant derivatives approximated by rotational Lie derivatives) Let U be any 

tensorfield m-tangent to the spheres S r .t and k > be any integer. Then with r d -\x\, we have that 

(6.5.20) £ Afu\» £ \C a U\. 

\I\<k \I\<k 

Corollary 6-13. Let T be a two-form, and let pf^ 7 ], crf^ 7 ] denote its null components. Then with r = \x\, we have that 

(6.5.21) r\fa[F]\< £ |a[^]|. 

|/|<i 

Furthermore, analogous inequalities hold for a [.?"], and <r\fF~\. 

Proof. Inequality ( |6.5.21| i follows from Lemma [6-10| and Lemma [6-12| □ 

Finally, the following proposition provides pointwise inequalities relating various Lie and covariant derivative operators under 
various contraction seminorms. 
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Proposition 6-14. (Lie derivative and covariant derivative inequalities) Let U be a tensorfield. Then 
(6.5.22) £ \C Z U\ * £ \V X Z U\. 

\I\<k \I\<k 

Furthermore, let P be a symmetric or an anti-symmetric type (°) tensorfield. Then the following inequalities hold: 

(6.5.23a) £ \v£ z P\< £ |w£P|, 

|/|<fc |/|<fc 

(6.5.23b) Y, |V£iP|< X |VviP|, 

|/|<fe |/|<fc 

(6.5.23c) |/£Pbc £ IV^Pbc + E |v£PUr + E |v£p|, 

J|<|/|-1 |J'|<|/|-2 
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absent if\I\ = absent if\I\ < 1 
(6.5.23d) \VCzP\cc < \WzP\cc + £ |v£P]| £T + E |w£p| : 



J|<|/|-1 |J'|<|/|-2 



absent if\I\ = absent if\I\ < 1 

(6.5.23e) |VP| C ^ + |vP|rr < (1 + E + \^ z P\tt) + (1 + * + M)" 1 E 1^1- 

|/|<i |/|<i 

Proof. Inequality ( |6.5.22| i follows inductively using ( |6.2.4| i and ( |6.5.4| i. 

To prove the remaining inequalities, for each Z e Z, we define the contraction operator Cz by 

(6.5.24) {C Z P)^ = Pj Z) c* + 



where the covariantly constant tensorfield ^ z 'c* is defined in ( |6.2.4| i. It follows from definition ( |6.5.24| i and Lemma 6-2 that 



(6.5.25) C Z P = V Z P + C Z P. 

Since each Z e Z is a conformal Killing field, and since L^Wm^v = 0, it follows that L^L^c" = 0. Also using the fact that each 
( z ^c,f is a constant, we have that 

(6.5.26) |C Z P| ££ < \P\ct, 

(6.5.27) |CzP|<|P|- 

If I = (ti,— , tfe) is a Z-multi-index with 1 < |/| = k, then using the fact that the components are constants, we have that 

(6.5.28) CJ Z P = f Cz'i o - o £ z . fc P = ( Vzn + C Z n ) o - o (v Z ' k + C z ^ )P 

k 

= V^P+ E C ^ li ° v ^ 11 ° — ° Vz'i-i ° Vz'i+i ° — ° Vz'fcP 



1=1 

+ E c£v£p. 

h+h=i 

\I\ 2 <k-2 



absent if k = 1 

Inequality ( |6.5.23a[ ) now follows from applying V to each side of ( |6.5.28| l, from using the fact that the operator V commutes through 
the operators Cz, and from ( |6.5.27| i. Inequality ( 6.5.23b[ ) follows from similar reasoning. Inequalities ( |6.5.23c[ > and ( |6.5.23d[ ) also 



follow from similar reasoning, together with ( |6.5.26| l 



To prove ( |6.5.23e| i, we first observe that by ( 6.5. 19a| >, ( |6.5.22[ i, and ( |6.5.23b| i, we have that 
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(6.5.29) \vP\cm + \VP\tt < \VlP\cM + \VlP\tt + |VP| 



l-f|<i 



Therefore, from ( |6.5.29| l, we see that to prove ( |6.5.23e| >, it suffices to prove that the following inequality holds for any symmetric or 
anti-symmetric type (^) tensorfield P : 

(6-5.30) \VlP\cN + WlP\tt S (1 + \q\Y l E {\^ Z P\cN + W z P\tt)- 

\i\<i 

To this end, we use the vectorfields S = x K d K , fioj = ~tdj - Xjd t to decompose 

(6.5.31) L = -q- 1 (S + oj a n a), uj a = x a /r, 
which implies that 

(6.5.32) -gViiV = VsP P „ + ^V^^. 
Using ( |6.2.5a| i, ( |6.2.5b| i, and ( |6.5.4| i, we compute that 

(6.5.33) V S P^ = C S P^ - 2P„ V , 

(6.5.34) u a V noa P^ = - \{l^L k P ki/ - L^P KV + LJfP^ - L„L K P„ K }. 
Combining these two identities with ( |6.5.32| i, we conclude that 

(6.5.35) -qV k P^ = C S P„ V + " a £n 0a P» v - 2P„„ - ^{l^P^ - L^L K P K „ + L V L K P^ R - L V L«P^}. 
Contracting ( |6.5.35| l against the sets CN and TT, it follows that 

(6.5.36) \q\\V L P\cN + \q\\VLP\rr< £ (|/£P|rjv + \C I Z P\ TT ). 

|/|<i 

Furthermore, by decomposing 

(6.5.37) L = d t -d r = d t -ui a d a , 

and using the fact that ("si^c" = ^~^^c^ = (where ^ z - ) c Ml/ is defined in ( |6.2.4[ )), it follows that 

(6.5.38) VlP^ = CjlP^ - w a C^P^. 

— dt dx a 

Contracting ( |6.5.38| l against the sets CAf and TT, we have that 

(6.5.39) \VlP\ch + WlP\tt < E {\^zP\cm + \^zP\rr\ 



71 = 1 



Adding ( |6.5.36| l and ( |6.5.39| l, we arrive at inequality ( |6.5.30| l. This completes our proof of ( |6.5.23e| >. 



□ 



7. The Reduced Equation Satisfied by v^ 1 ^ 

In this short section, we assume that h$ is a solution to the reduced equation ( |3.7.1a| >. We provide a proposition that gives a 
preliminary description of the inhomogeneities in the equation satisfied by V^/i^it • 
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Proposition 7-1. (Inhomogeneities for V^h^J) Suppose that h$ is a solution to the reduced equation ( |3.7.1a| >, and let I be any 

Z -multi-index. Then V^hjjj is a solution to the inhomogeneous system 



I) 



(7.0.40) B fl v£fc#=i5& 
(7-0.41) sfif> = - viQ/i^? - {viQ^W - Bg^zhff} 



Proof. Proposition 7-1 follows from differentiating each side of ( |3.7. la| > with modified covariant derivatives XJ J Z and applying Lemma 



Ml □ 



8. The Equations of Variation, the Canonical Stress, and Electromagnetic Energy Currents 

In this section, we introduce the electromagnetic equations of variation, which are linearized versions of the reduced electromag- 
netic equations. The significance of the equations of variation is the following: if T is a solution to the reduced electromagnetic 
equations ( |3.7. lb| > - ( |3.7.1c| i, then C Z J- is a solution to the equations of variation. We then provide a preliminary description of the 
structure of the inhomogeneous terms in the equations of variation satisfied by C Z T. Additionally, we introduce the canonical stress 



tensorfield and use it to construct energy currents, which are vectorfields that will be used in Section 12 to derive weighted energy 
estimates for solutions to the equations of variation. 



8.1. Equations of variation. The equations of variation in the unknowns are the linearization of ( |3.7.1b| > - ( |3.7.1c| i around a 
background (h^^T^). More specifically, the equations of variation are the system 



(8.1.1a) Va^ + v^ a + V^=# A/1! ,, (A,/x,i/ = 0,1,2,3), 

(8.1.1b) N*^ x V^T KX = r, (i/ = 0,1,2,3), 

where N#^ vkX is the (/i^„, T^v) -dependent tensorfield defined in ( |3.7.2c| i, and fix^u) $ v are inhomogeneous terms that need to be 
specified. In this article, the equations of variation will arise when we differentiate the reduced equations ( |3.7. lb| > - ( |3.7.1c[ ) with 
modified Lie derivatives. In this case, the quantities C Z !F^ U will play the role of T . The next proposition, which is a companion of 
Proposition |7-1 1 provides a preliminary expression of the inhomogeneous terms that arise in the study of the equations of variation 
satisfied by C^J-^y 

Proposition 8-1. (Inhomogeneities for C z J-^v) If T^ v is a solution to the reduced electromagnetic equations ( |3.7.1b| i - ( |3.7.1c[ ) 

and I is a Z -multi-index, then !F^ V = C^T^u is a solution to the equations of variation ( |8. 1 . 1 a[ > - ( |8.1.1b| l (corresponding to the 
background (h^^T^)) with inhomogeneous terms $Xfiv - ' vx^tv ana "$ u ^STni where 



(8.1.2a) 5^ = 0, (A, //,!/ = 0,1,2,3), 

(8.1.2b) T {1) = t z T + {n*^ kX V^£ z F k x - C z (N#^ kX V^ k .x)}, (u = 0, 1,2,3). 
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Furthermore, there exist constants C\j 1 j 2 , Cij 1 j , C C# A ;J, C£&-JiJ 2 sucn tnat 



(8.1.3a) 



(8.1.3b) 



\Ii\+\h\<\I\ 

+ E c^cidl, 

\j\<\i\ 



N 



V ^C z !F K x 



£ z (N*^ kX V^ kX ) = E 

l-fl| + |/2|<|/| 
|/ 2 |<|/|-1 

+ e Ziiii^M^iWiD 

i/ii+i/ 2 i<i/i 
i/ 2 i<i/i-i 

+ E Cw^C^f^v^ 2 ^- 

i-fii+i/ 2 i<i/i 
i/ 2 i<i/i-i 



the above formulas, 3a ]^#^ VK ^ are f ne err0 r terms appearing in ( 3.7.2g| > and ( |3.7.2h| > respectively, while , 
°^ V (iT) (■>')) (* = 1,2), (2/ = 0, 1, 2,3), are f/ze quadratic forms defined in ( |3.7.3b[ >, ( |3.7.3c| ), one/ ( |3.7.2e| l respectively. 

Proof. To prove ( |8.1.2a| i, we first recall equation ( |3.7.1b| i, which states that T^y is a solution to V[ K .F M „] = 0, where [•••] denotes 
anti-symmetrization. Using ( |6.5.5[ > it therefore follows that 



(8.1.4) 



= £^V[aJ>i/] = V[a^S^>i/] 



which is the desired result. 

To derive < [8.1.2b) , we simply differentiate each side of ( |8.1.1b| i with £^ to conclude that £ z (N*^ kX V ^T kX ) = £ Z T ■ Trivial 
algebraic manipulation then leads to the fact that N*^ vrX Vfj,£ z T K x = 37 
Equation ( |8.1.3a| i follows from p.7.2b[ ), the Definition i 



To prove ( |8. 1 .3b[ >, we first recall equation ( |3.7.3a| >: 



6.3 



i^y whe re gj^ is defined by ( |8.1.2b| i. 



of Cz- and Lemma 



11-8 



which is proved in Section 



11.2 



(8.1.5) 

N #^ K x v ^ x = I[( m -i)^( TO -i)^-( m -i)^( m -i)-] v ^ KA _ &» n ( h ^T) - ^ n {h,VT) + N*^ kX V^ kX . 

The commutator term arising from the [(to _1 ) mk (irT 1 ) uX - (jn~ l )^ x (rri~ l ) VK \ V m .F k a term on me right-hand side of ( |8.1.5| l van- 
ishes. More specifically, we use ( |6.5.16| l to conclude that 

(8.1.6) [(m-^Cm- 1 )^ - (rn^irn 1 )^ - ^{[(rn 1 )^ {rn 1 )^ - {rn 1 )' tX (mr 1 y' t ]\7 l ^ H x} = 0. 

Therefore, it follows from ( |8.1.5| l and ( |8.1.6| ) that 



(8.1.7) 



N#^ x V^£ z T kX - £ I z (N#^ x V^ KX )=£ I z ^ ) (h,VT) - &fa{h,V£ l z F) 

+ t z ^.^{h^T) - ^ {1 . n {h^£ z T) 
+ N*^ X V ^£ z T kX - £ Z (N*^ X V^ KX ). 



The expression ( |8.1.3b| i now follows from ( |8.1.7| >, the Leibniz rule, the Definition 6.3 of £z, Lemma 



6-3 



and Lemma 



11-8 



□ 



8.2. The canonical stress. The notion of the canonical stress tensorfield in the context of PDE energy estimates was introduced 
by Christodoulou in IChrOOl . As explained in Section [T.2.5| from the point of view of energy estimates, it plays the role of an energy- 
momentum-type tensor for the equations of variation. Its two key properties are i) its divergence is lower-order (in the sense of the 
number of derivatives falling on the variations T^v); and ii) contraction against a suitable (covector, vector) pair X") leads to a 
positive energy density that can be used achieve L 2 control of solutions T^ v to the equations of variation. As we will see, property 
i) is captured by Lemma 8-2 and ( |8.3.3| ), while property ii) is captured by ( |8.3.2| i, ( |12.2.1| i, and ( |12.2.8[ ). In order to understand the 
origin of the canonical stress, we first introduce Christodoulou's linearized Lagrangian ICh rOOl . 



The Global Stability of the Minkowski Spacetime Solution to the Einstein-Nonlinear Electromagnetic System in Wave 

Coordinates 

41 



Definition 8.1. Given an electromagnetic Lagrangian Jzf [•] (as described in Section 3.2 1 and a "background" (h^^T^), we define 
the linearized Lagrangian by 



(8.2.1) J? = J?[F;h,F] = ^ ^^ 4^ = -^ #C " kA ^«a, 

where N* CvkX is the (h^,?^) -dependent tensorfield defined in < [3.3.9) . 

The merit of the above definition is the following: the principal part (from the point of view of number of derivatives) of the 
Euler-Lagrange equations (assuming that we view (h, !F) as a background, T to be the unknowns, and that an appropriately defined 
actiorj^jis stationary with respect to closed variations of T) corresponding to J£\T\ h,T\ is identical to the principal part of the 
electromagnetic equations of variation ( |8.1.1b| >; i.e., j£f \f\ h, T\ generates the linearized equations. 

Definition 8.2. Given a linearized Lagrangian Jz? \!F\ h,F], the canonical stress tensorfield Q^ v is defined as follows: 

(8.2.2) ^ /( _ _ • . k i — - .■ >~ < s , 
where N#^ kX is defined in $T3$\ . 



f) 9" 1 



def 

Note that in contrast to the energy -momentum tensor T^, Q^ v = m^Q v is in general not symmetric. 

Because of our assumption ( |3.3.3a| > concerning the Lagrangian, Q% is equal to the energy-momentum tensor (in T) for the linear 
Maxwell-Maxwell equations in Minkowski space, plus small corrections. More specifically, it follows from definition |8.2.2| and the 
decomposition ( |3.7.2c| ) that 

terms from linear Maxwell-Maxwell equations in Minkowski spacetime 

(8.2.3) Qt = T^T vC - -fit^ 

corrections to Minkowskian linear Maxwell-Maxwell equations arising from h 

- h^T^Tf - h* x t^t vX + U^t^t^ 
+ N*^ x T KX T uC - UiN*^ x T Cv f KX . 
error terms 

The next lemma captures the lower-order divergence property enjoyed by Q M „. 

Lemma 8-2. (Divergence of the canonical stress) Let be a solution to the equations of variation ( |8.1.1a| i - ( |8.1.1b| i correspond- 
ing to the background (h^ Vl T^ u ), and let $Xfj,u, $ u be the inhomogeneous terms from the right-hand sides of ( |8.1.1a| l - ( |8.1.1b[ ). Let 
Q^ v be the canonical stress tensorfield defined in ( |8.2.2| >. Then 

(8.2.4) v M Qt = - \n*^ kX T Cv $ vkX + + (V M iV # ^ KA )j- KA ^ c - ^(V U N*^ X ) T Cr) f KX , 



+ (V M iYf KKA )j-,A^ C " \{V»N*^ x )t 0l t K x- 



Proof. To obtain ( |8.2.4[ ), we use use the equations ( |8. 1 . 1 a[ > - ( |8.1.1b| i, together with the properties ( |3.3.10a| > - ( |3.3. 10c[ i, which are 
also satisfied by the tensorfield Nf^ KX . □ 



'a suitable action At? [^F] is e.g. of the form At? [J 7 ] = /j g cjjj 3?\JF; h, !F] d 4 x, where £ is a compact subset of spacetime. 
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8.3. Electromagnetic energy currents. In this section, we introduce the energy current that will be used to derive the weighted 
energy estimate ( |12.2.1| > for a solution T to the equations of variation ( |8.1.1a| i - ( |8.1.1b| i. 

Definition 8.3. Let be a symmetric type (") tensorfield, and let J 7 ^, be a pair of two-forms. Let w(q) be the weight 
defined in ( |12.1.1| i, and let X" = f w(q)SQ be the "multiplier" vectorfield. We define the energy current j^ h ^ \JF~\ corresponding to 
the variation and the background {h^^T^) to be the vectorfield 

(8.3.1) ^(W^ = -Qt* v = -™(q)Q^ 

where Q^ v is the canonical stress tensorfield from ( |8.2.2| i. 

Lemma 8-3. (Positivity of J® h ^) Let J? h ^ [F] be the energy current defined in \%3.l) . Then 

(8.3.2) Jth^ = \mMl) + {0"{\h\^) + 0%h,F)\ 2 )}\t\M<l)- 

Furthermore, if is a solution to the equations of variation ( |8.1.1a| l - ( |8.1.1b| > with inhomogeneous terms ^ x ^ v = 0, then the 
Minkowskian divergence of J(h,F) can be expressed as follows: 

(8.3.3) **j{hf) = ~ ^'(l)^ 2 + P 2 + °*) 

- w'(q){ - L^T^ - L^T^Tqx ~ \h KX Vx) 

- w(q){(V^N*^ x )T KX T QC - \{VtN*^ x )T Qn T KX } 

- w'(q){L,N*^ KX F KX Toc + \n* Cr,KX F Cv T K x}, 



5.3 



where a = ce[F~\, p = p[^]> and a = cr\JF] are the "favorable" Minkowskian null components of T defined in Section 

Remark 8.1. The term ^w'(q)(a 2 + p 2 + a 2 ) appearing on the right-hand side of of ( |8.3.3| l is of central importance for clos- 
ing the bootstrap argument during our global existence proof. It manifests itself as the additional positive space-time integral 
fo + \P^r-r)w' {q) x dr on the left-hand side of ( |12.2.1| i below, and provides a means for controlling some of the 



spacetime integrals that emerge in Section 16.4 



Proof. ( |8.3.2[ ) follows from ( |8.2.3| ), simple calculations, and ( |3.7.2h] >. 

To prove ( |8.3.3| l, we first recall that since q = r — t, it follows that V ^q = L^, where L is defined in ( |5.1.2b[ ). Hence, we have that 
Vfj,w(q) = w'{q)L fl . Using this fact, ( |8.2.3| l, and ( |8.2.4| i, we calculate that 

(8.3.4) v f*(M0 = " w (<l)For,& 1 

- w(q){ - (V^^)^ KC ^ - (V,X X )^ K T x + l(Vth KX )T K ^} 



w(q){(V,N*^ KX )F KX F 0C - l(V t N*^ X )F Cn F KX } 
w\q){L^T^ + -T KX T KX } 



i(d 2 +p 2 +!T 2 ) 

w' ' 



■j'(q){ - L^T^ - L^h KX ^ x ~ \h KX F KV ^} 
- w'(q){L,N*^ KX F KX T < + \n* ° 1kX T ir] T KX \ 

(8.3.5) 

The expression ( |8.3.3[ ) thus follows. □ 
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9. Decompositions of the Electromagnetic Equations 
In this section we perform two decompositions of the electromagnetic equations. The first is a null decomposition of the equations 



of variation, which will be used in Section 15 to derive pointwise decay estimates for the lower-order Lie derivatives of T^ v . The 
second is a decomposition of the electromagnetic equations into constraint and evolution equations for the Minkowskian one-forms 
E^, B^, which are respectively known as the electric field and magnetic induction. This decomposition will be used in Section 10 



to prove that our smallness condition on the abstract data necessarily implies a smallness condition on the initial energy £^ ;y; ^(0) of 
the corresponding solution to the reduced equations. We remark that the Minkowskian one-forms D M , H^, which are respectively 
known as the electric displacement and the magnetic field, and also the geometric electromagnetic one-forms 2:^, 93^, 55^, fy^ will 
play a role in the discussion. 



9.1. The Minkowskian null decomposition of the electromagnetic equations of variation. In this section, we decompose the 
equations of variation into equations for the null components of T . The main advantage of our decomposition, which is given in 



Proposition 9-2 is the following: the terms in each equation can be separated into two classes: i) a derivative of a null component in 
a "nearly-Minkowski-null" directiorp](which appears on the left-hand side of the inequality); and ii) some error terms (which appear 
on the right-hand side of the inequality). Although from the point of view of differentiability the error terms are not lower-order, it will 
turn out that they are lower-order in terms of decay rates. In this way, the equations can be viewed as ordina ry diffe rential equations 



for the null components of T with inhomogeneous terms; this point of view is fully realized in Proposition 11-5 The key point is 



that the ODEs we derive will be amenable to Gronwall estimates: in Section 15 we will use this line of argument to derive pointwise 
decay estimates for the null components of the lower-order Lie derivatives of a solution T to the electromagnetic equations ( |3.7.1b| > - 
( |3.7.1c| i. These estimates will be an improvement over what can be deduced from the weighted Klainerman-Sobolev inequality ( |B.4[ ) 
alone. 

We begin the analysis by using ( |3.7.2c[ ) to write the equations of variation ( |8.1.1a| i - ( |8.1.1b| i in the following form: 
(9.1.1a) Va-Fm* + V„F„ A + V„ -F A „ = 0, 

ji[(m-y K (m-y A - {m- 1 Y x (rn 1 ) VK - ^"(m -1 )^ + ^(m -1 )™ 

- (m -1 )^/^ + (m" 1 )"^""] + N* ^Mv^a = 8". 



(9.1.1b) 



In our calculations below, we will make use of the identities 

(9.1.2) V A L = -r- 1 e A , S7 A L = r - 1 e A , 

which can be directly calculated in our wave coordinate system using ( |5.1.2a| i - ( |5.1.2b| i. We will also make use of the identity 

(9.1.3) tAe B = V A e B + ^m(V A e B ,L)L + ^m(V A e B ,L)L 

= Vasb ~ ^m(e B ,V A L)L - ^m(e B ,V A L)L 

= V A e B + -r _1 ^s(i- Ll), 

which follows from ( |6.1.2| i and (|9.1.2| >. 

Furthermore, if U is a type ( "J tensorfield, and , (1 < i < to), and Y are vectorfields, then by the Leibniz rule, we have that 

(9.1.4) V Y {U(X {1) ,-,X {m) )} = (V Y U)(X {1 y;X {m) ) + U(V Y X {1) ,X (2h -,X {m) ) + - + U(X w ,X {2) ,-,V Y X (m) ). 
Similarly, if U is TO-tangent to the spheres S rt) then 



By "nearly-Minkowski-null," we mean vectors that are nearly parallel to L or L, with some corrections coming from the presence of a non-zero h in the case of the 
null component a. 



44 



Jared Speck 



(9-1-5) f A (U B(1) ,..,B lm) )=fe A {U(e Bm ,-,e Blm) )} 

= Ha U)(e B(1) ,-,e B(m) ) + U(f A e B(1) ,e B{2) ,-,e B{m) ) 
+ ••• + U(e B(1) ,e B(2) ,---,f A e B{m) ). 



Applying |9T4]) and ( |97T3| > to T, and using ( |9TT72] >, ( |9~T3] l, and ( |5.3.5a[ > - ( j5.3.5d| i, we compute (as in MCK901 pg. 161]) the 
following identities, which we state as a lemma. 

Lemma 9-1. (Contracted derivatives expressed in terms of the null components) Let T be a two-form, and let a, a, p, and a be 

its null components. Then the following identities hold: 



(9.1.6a) VA^ B L=fAa B - r _1 (p^s + o-ji AB ), 

(9.1.6b) VA^ B L=tAa B - r^ipSAEi ~ cnf>A B ), 

(9.1.6c) Va®F B l = ~ fc B fA u c ~ f'^i^AB ~ (4ab), 

(9.1.6d) Va®F B l = f CB iA a c ~ r^iaSAB + frp AB ), 

(9.1.6e) ^A^LL=f A p + ^r~ l (a A + a A ), 

(9.1.6f) ^a^ll =f A o + -J- l {-1) BA a B + i> BA u B ), 

(9.1.6g) V#bc = fcc{ tA a + -^(-i/jda^d + 



Note that in all of our expressions, contractions are taken after differentiating; e.g., V A ^F B l d - c A e B Ll A V^^kA ■ 



Remark 9.1. The identities in Lemma 9-1 can be reinterpreted as identities for spacetime tensors that are m-tangent to the spheres 
S r> t- That is, they can be rephrased in terms of our wave coordinate frame with the help of the projection yfi and the spherical 
volume form j) defined in ( |5.1.4b| i and ( |5.1.6c| i respectively. For example, equation ( |9.1.6a[ ) is equivalent to the following equation: 



(9.1.7) rfi£ rfi u u L K V^,/ K =0 * rfi u v V^, - r~\p rfi^ + af^). 



We will use the spacetime coordinate frame version of the identities in our proof of Proposition|9-2| 



We now derive equations for the null components of a solution f to ( |9.1.1a| i - ( |9.1.1b| i. 
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Proposition 9-2. (Minkowskian null decomposition of the equations of variation) Let T be a solution to the equations of variation 
( |9.1.1a| i - ( |9.1.1b[ ), and let a = a[!F] , a = , p = p[F] , & = a \T~\ denote its Minkowskian null components. Assume that the 
source term fix^ on the right-hand side of ( |9.1.1a| l van/s/iesj^] Then the following equations are verified by the null components: 



(9.1.8a) 



(9.1.8b) 



(9.1.8c) 



(9.1. 8d) 
(9.1. 8e) 



VlQl v + r 1 a v + rfi* V K p - ^V k <t 



def 



ile) 



Vlol v - r~ x a v - rfi* V K p - i>„V K <7 



dej 



V L p + rfi" u V,^ - 2r- 1 p - L^^V^a 

- L v {m~ x Y K h v ^ ^x + L„N*^ kX \7^ kX 
VlP - rfi 1 *" V M d„ + 2r~ 1 ( 6 



rfi vv > T 



+ L x h^\7^ KX + L u {m~ x Y K h vX V ^ K x - L v N*" vkX \7^ kX 
(9.1.8f) \7 L & + 2r~ 1 <7 + ^VnQU, 

In the above expressions, the quadratic terms ^^-.(h, VJ 7 ) and =2^.^) (h, VJ-) are as defined in Section 



0. 



-LxZ X , 



3.7. 



Remark 9.2. Note that in the above equations, we have that e.g. rfi* V K =rfi^"f K and j> v V re = f„ rf K , so that these operators only 
involve favorable angular derivatives. 



Proof. To obtain ( |9.1.8a| i and ( |9.1.8b| i, we contract ( |9.1.1a) against L x L^e A , ( |9.1.1b> against (eA)v, and use Lemma 9-1 plus 
Remark |9~T| to deduce that 



(9.1.9) 
(9.1.10) 



Via,, - Vlov + V u 'p + r 1 (a v + a v ) 

- 2 rfi X rv^u - 2 j/w (m-^^^Vp^A + «/w N*^' KX y ^ K> 



2 r/w r 



Adding the two above equations gives ( |9.1.8a| i, while subtracting the first from the second gives ( |9.1.8b| i. 

Similarly, to deduce ( |9.1.8d| i, we contract ( |9.1.1a| i against L x e A eg, and then contract against i^ab ', to deduce ( |9.1.8f[ ), we contract 
( |9.1.1a| i against L x e A e^, and then against ^ab] to deduce ( |9.1.8c| i, we contract ( |9.1.1b| i against L u ; and to deduce ( |9.1.8e| >, we 
contract ( |9.1.1b| i against -L v . 

□ 

9.2. Electromagnetic one-forms. In this section, we introduce the one-forms (£, 03, D, and fj, which are derived from a geometric 
decomposition of T with the help of the spacetime metric g M „. We also introduce the one-forms E, B, D, and H, which are 
derived from a Minkowskian decomposition of T . We then derive an equivalent version of the electromagnetic equations, namely 
constraint and electromagnetic evolution equations for the Minkowskian one-forms. These quantities play a role only in Section 10 
where they are used to connect the smallness of the abstract initial data to the smallness of the energy of the corresponding reduced 
solution at t = 0. Furthermore, we show that the abstract one-forms 3), 23, satisfy the constraints ( |1.0.2c[ ) - ( |1.0.2d| i if and only if the 
corresponding Minkowskian one-forms D, B, satisfy a Minkowskian version of the constraints. 



23,- 



By Proposition 8-1 this assumption holds for the variations of interest in this article. 
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We will perform our electromagnetic decompositions of the equations with the help of two versions of the electromagnetic 
equations, namely ( |3.2.6a| i, ( |3.2.7a| i and ( |3.2.6b| i, ( |3.2.7b| i. We restate them here for convenience: 

(9.2.1a) ®\r ia , + @vr v \ + ®v?\r = 0, (A, M, f = 0, 1,2, 3), 

(9.2.1b) @ x M^ + %M vX + %M^ = 0, (X,n,v = 0,1,2,3), 

and 



(9.2.2a) VaJ> + V,^a + V V T\» = 0, (A, /*,!/ = 0,1,2,3), 

(9.2.2b) Va-M/u, + V„.M„a + VvMxp = 0, (A,/i,z/ = 0,l,2,3). 

Before decomposing the equations, we first define the aforementioned geometric electromagnetic one-forms. 

Definition 9.1. Let N^ 1 = N^(t, x) denote the future-directed unit g-normal to the hypersurface £ t . Then in components relative to 
an arbitrary coordinate system, we define the following one-forms: 

(9.2.3) (£ M = ^ K iV K , Q3 M = -T M JV K , 3>„ = -VA^ft", fi» = -M tlK N K . 
Note that in the above expressions, * denotes the Hodge duality operator corresponding to the spacetime metric g. 

We now define the Minkowskian electromagnetic one-forms. 

Definition 9.2. In components relative to the wave coordinate coordinate system {a; M } M= o,i,2,3, we define the electric field E, the 
magnetic induction B, the electric displacement D, and the magnetic field H by 

(9.2.4) E^T^o, B„ = -%o, f„ = -%l M o, ^ = 

Note that in the above expressions, ® denotes the Hodge duality operator corresponding to the Minkowski metric m. 

Observe that ( |9.2.4| i implies that 

(9.2.5) F jk = [ijk]Bi, B 3 = l -[ ]a b\T ab , £> 3 - = ^[jab]M ab , (j,fc = 1,2,3). 

Remark 9.3. Our definition of B coincides with the one commonly found in the physics literature, but it has the opposite sign 
convention of the definition given in |CK90|. 

It follows from the anti-symmetry of and M.^ that E^, B^ , D^, and are m-tangent to the hyperplanes E f ; i.e., we have 
that E = B = D = = 0. We may therefore view these four quantities as one-forms that are intrinsic to S t . Similarly, we have 
that <£ M A^ = = = fi^N* = 0. 

Using Definition |9.2| the assumption ( |3.3.3a| > on the Lagrangian, ( |3.3. 12n| >, ( |9.2.5| l, and ( |9.2.6a| i - ( |9.2.6b| i it follows that 



(9.2.6a) D = E + O e+1 (\h\\(E, B)\) + O e+1 (\(E , B)\ 3 ; h) , 

(9.2.6b) H = B + O i+1 (\h\\(E,B)\) + O e+1 (\(E, B)\ 3 ; h), 

(9.2.6c) E = D + M (\h\\(D,B)\) + O e+1 (\(D , B)\ 3 ; h) , 

(9.2.6d) H = B + O i+1 (\h\\(D,B)\) + O e+1 (\(D , B)\ 3 ; h) . 



Furthermore, recalling that N v \x = ASq, where A = f Jl - ^x(r), and using ( |3.3.12i| i, and < |4.2.7a) , it follows that 

(9.2.7) E = D + O e+1 (\h^\\(D,B)\; X (r)M/r) + M {\ X (r)M/r\\(D,B)\;h^) + O e+1 (\(D,B)\ 3 ;h^; X (r)M/r) 
and 



(9.2.8a) 


B 


(9.2.8b) 


D 


(9.2.8c) 
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(9.2.8d) 


S3 



1^+1/ 



1^+1/ 



L (| X (r)M/r||»|) + O t+1 (\h^\\{%M-Ax{r)Mlr\), 
L (|A (1) ||x(r)Af/r||X)|) + ^ +1 (|(<8,i>)|; \x(r)M/r\), 
B + O l+1 (\ X (r)M/r\\B\) + O l+1 (\h^\\(B,D)\-Mr)M/r\), 
D + O i+1 (\ X (r)M/r\\D\) + M (\h^\\(B,D)\;\ X (r)M/r\). 
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Remark 9.4. Logically speaking, the ADM mass M (and hence also the coordinates of the unit normal vector N\j:„) is only well- 
defined after one has solved the abstract Einstein constraint equations ( |1.0.2a[ ) - ( |1.0.2d| >. Thus, the relations ( |9.2.7| > - ( |9.2.8b| i should 
be thought of as defining Ej , Bj , Dj in terms of (£j , Q3j and not the other way around. 

The main goal of this section is to deduce the following proposition, which is a decomposition of the electromagnetic equations 
into constraint equations and evolution equations. 

Proposition 9-3. (Electromagnetic constraint and evolution equations) Under the assumption (3.3.3a) on *j£f, the electromagnetic 
equations ( |9.2.2a[ ) - ( |9.2.2b[ ) are equivalent to the following pairs of constraint equations and evolution equations: 

Constraint Equations 

(9.2.9a) (rif 1 ) ab V a D b = 1 

(9.2.9b) (rrf^^Bk = 0, 



Evolution Equations 

(9.2.10a) OtBj = -[jab]V a E b , 

(9.2.10b) d t E 3 = [jab]V a B b + O e (\h\\v(E, B)\; (E, B)) + O e (\(E,B)\ 2 \v(E,B)\;h) + O e (|V h\\(E , B)\; h) . 

Furthermore, if the one-forms D, B are related to the one-forms 2), *B as implicitly determined by the relations ^9.2.3) - ( |9.2.4[ ) 
(together with the fact that N^ 1 = A~ 1 5q ), then equations ( |9.2.9a| l - (9.2.9b) hold for D, B (i.e., along So) if and only if the following 
equations hold: 

Abstract Constraint Equations 

(9.2.11a) QT 1 ) ab Mjbb = 0, 

(9.2.11b) (g^MJ&b = 0. 

In the above expressions, g is the first-fundamental form of So, and ^ is the Levi-Civita connection corresponding to g . 

Remark 9.5. In equations ( |9.2.9a) > - (9.2.9b) , (m -1 ) V is the standard Euclidean divergence operator, while in equations ( |9.2.10a[ ) 
- ( |9.2.10b| i, [jab] V is the standard Euclidean curl operator. 

Remark 9.6. Using equations ( [9.2.16) - (9.2. 17) , it is easy to check that if a classical solution to the evolution equations satisfies the 
constraints at t = 0, then it necessarily satisfies the constraints ( |9.2.9a| i - (9.2.9b) at all later times (as long as it persists). 

Proof. We first show that (9.2.9a) follows from either (9.2.1a) or (9.2.2a) , and that (9.2.9a) holds if and only if (9.2.11a) holds. To 
this end, we first note that since is the future-directed unit g-normal to S t and <? M „ = g ^ - N^N V along So, the following 
identities hold for any one-form X^ <?-tangent to So and any two-form : 

(9.2.12) Vf^taXb = (g- x Y x ® K X x - X X N K @ K N X , 

(9.2.13) (g- 1 ) KX P Xu %N l/ = P Xy N v N K 2l K N x . 

Using (9.2.12) and (9.2.13) with X^ = f 23 M and P^ v = f *T M „ we compute that the following identities hold along So : 

(9.2.14) {9~ X Y h kj&b = (g-^&^x - Q3 A iV K ^iV A 

= ~\g VV 'N v 'e#» VKX %F KX , 

Identities analogous to (9.2.14) hold if we make the replacements (ff -1 , ff, j^, ^, *, iV'*, e*/"" 5 * ; <g j ^ {mT 1 , m, V, V, ®, ft' 1 , v^ vkX , B j , 
where (t , x) is the future-directed unit Minkowskian unit normal to S t . Now by (9.2.14) and the Minkowskian analogy of (9.2.14) , 



equations (9.2.9a) and (9.2.1 la) follow from either (9.2.1a) or (9.2.2a) , since either ( 9.2.1a) or (9.2.2a) are sufficient to guarantee 

. - - - . - _ m — = . - J*-.' . . > - -U. \ - \ 



that the right-hand side of (9.2.14) is 0. Furthermore, since g VV 'X v and m vv in v are proportional along So, since e* A " /KA and u^" yKA 
are proportional, and since the Christoffel symbols of 'S and V are symmetric in their two lower indices, it follows that 
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(9.2.15) 



>n 



A Sn 



0. 



Hence, ( |9.2.9b| i holds along E if and only if ( |9.2.11b| i holds along E . The derivation of ( |9.2.9a| ) and ( |9.2. 1 la| > along S from 
( |9.2.1b| i or ( 9.2.2b| > and the proof of the equivalence of ( 9.2.9a[ ) and ( |9.2.1 1 a| > along Eo are similar. 

We now set A = 0, /i = a, v = b in ( |9.2.2a| i, then contract against the Euclidean volume form [jab] use ( |9.2.4| > - ( |9.2.5| l to deduce 
that 



(9.2.16) dtB, = -[jab]V a E b . 

Similarly, we set A = 0, u = a, v = b in ( |9.2.2b[ ), contract against [jab] , and use ( |9.2.4| i - ( |9.2.5| ) to deduce that 



(9.2.17) dtDj = [jab] V a H 6 . 

Finally, we use (9.2.16) , (9.2.17) , and ( |9.2.6a| > - ( |9.2.6b| ), to deduce ( |9.2.10a| > - ( |9.2.10b| ). 



□ 



10. The Smallness Condition on the Abstract Data 

In this section, we assume that we are given abstract initial data (g , fc = <5jfc + + hr^ ,Kjk,&j,$$j), (j,k = 1,2,3), on 
the manifold M 3 satisfying the constraint equations ( |4.1.1a| i - ( |4.1.2b[ ). Our goal is to describe in detail the smallness condition 
on (A^fe > Aj-fc iKjki&ji ®j) ma t W1 ll l eac l t0 global existence for the reduced system ( |3.7. la[ > - (3.7.1c) , under the assumption 
that its initial data (g^ l y\t=Q,dtg^\t=o,J 7 l j,^\t=o), {Hi v = 0)1)2,3), are constructed from the abstract initial data as described in 
Section |4.2| Recall that our global existence argument is heavily based on the analysis of Ee-y-^t), which is the energy defined 



in ( | 1.2.7 1. In particular, £^y ;M .(0) must be sufficiently small in order for us to close the argument. The energy depends on both 
normal and tangential Minkowskian covariant derivatives of the quantities (V\h$ , T^ v ) at t = 0. On the other hand, our smallness 
condition will be expressed in terms of the ADM mass M and E^ y (0) , which is a weighted Sobolev norm of ( V_Jv^ , Kjk , £>j , *Bj ) 
depending only on tangential derivatives of the abstract data. More specifically, our smallness condition is expressed in terms of the 
weighted Sobolev norms 



I H t introduced in Definition 

1/2+Y 



10.1 



which shows that if Eg- y (0) + M is sufficiently small and {hJ^J ,T^ U ) is the corresponding solution to the reduced equations, then 



The main result of this section is contained in Proposition 



10-1 



^;y;n(0) ^ -EV ;T (0) + M. Thus, Proposition 10-1 allows us to deduce the smallness of ^ ;T; |x(0) from the smallness of quantities 



that depend exclusively on the abstract initial data. 



We begin by introducing the weighted Sobolev norm discussed in the above paragraph. 

Definition 10.1. Let U(x) be a tensorfield defined along the Euclidean space M 3 . Then for any integer £ > 0, and any real number 
n, we define the H~. norm of U by 



(10.0.1) |t/flV=I f a + lxf^l^Uix^d 



3 x. 



We also introduce the following norm, which can be controlled in terms of a suitable fl* norm via a Sobolev embedding result; 
see Proposition |A-l| 

Definition 10.2. Let U(x) be a tensorfield defined along the Euclidean space M 3 . Then for any integer £ > 0, and any real number 
t], we define the norm of U by 

(10.0.2) \\U\\ 2 ct = \\U\\ 2 ce = £ ess sup(l + las^^'lV^Ca:)! 2 . 



We are now ready to introduce our norm £^ ;y (0) > on the abstract initial data. Recall that as discussed in Section 

.jk " JK ' -J 



are the following four fields on R 3 : (°g = S jk + hf k > + , k jk ,i)j,'%j), (j,k= 1,2,3) 



4.1 



the data 



The Global Stability of the Minkowski Spacetime Solution to the Einstein-Nonlinear Electromagnetic System in Wave 

Coordinates 

49 

Definition 10.3. The norm £^ ;Y (0) > of the abstract initial data is defined by 

(10.0.3) 4 T (0)fe f ||vA«||^ + \\K\\ 2 Hl + \\i)\\ 2 Ht + \\<Bf Ht . 



The Smallness Condition 

Our smallness condition for global existence is 

(10.0.4) E e . y (0) + M<e e , 

where si is a sufficiently small positive number. 

Recall that the energy £^y ;M .(i) > is defined by 
(10.0.5) £ 2 y .^(t) d = f sup Y, [ {iVVih^f + lC^flw^d 

0<T<t |J|<^ J^r 1 - 1 

where V denotes the full Minkowski spacetime covariant derivative operator, and the weight w(q) is defined in ( |12.1.1| >. The next 
proposition, which is the main result of this section, shows that the smallness of £e-,y-yi(0) follows from the smallness of Ei ;y (0)+M. 

Proposition 10-1. (The smallness of the initial energy) Let (g .Jijk + Mfk + hjk > Kjk> ®j; be abstract initial data on the 
manifold M 3 for the Einstein-nonlinear electromagnetic system ( |1.0.1a| > - ( | 1 .0. lc] > and assume that the abstract initial data are 
asymptotically flat in the sense that ( |1.0.3a| > - ( jl.0.3f| l hold. Let (g M „|t=o = + h^J\t=o + nfi ? |t=o, dt9^u |t=o = d t h$ | t=0 + 
9th j^J | t =o i -^ "uiy | t=o ) i (m,^ = 0, 1,2,3), foe f/ze corresponding initial data for the reduced system ( |3.7.1a[ ) - ( |3.7.1c[ ) as defined in 
and let (<7 M „ = m^ v + + hff ,3-^) be the solution to the reduced system launched by this data. Let £ > 8 be an 



Section 



4.2 



integer. Then there exists a constant Sq > independent of I and constants Cg > 0, Ci > such that if Ep.y(Q) + M < e < Sq, then 

(10.0.6) £i-,yA°) ^ C e {E e , r (0) + M} < C e e. 

Remark 10.1. Note that q > holds at t = 0. Therefore, £^ y ^(Q) does not depend on the constant \i. 



The proof of Proposition 1 1 0- 1 1 will be given at the end of this section. We first establish some technical lemmas. 

uction) Let . 

and 



Lemma 10-2. (Energy in terms of the spacetime metric remainder piece, the electric field, and the magnetic induction) Let T^v 

be a two-form, let the pair of one-forms (E^, B^) be its Minkowskian electromagnetic decomposition as defined in Section 

let hju} be an arbitrary type (!]) tensorfield. Let £^ ; y ;|x (£) be the energy defined in ( |10.0.5| l. Then 
(10.0.7) £ly^{t) * sup Y. [ {\VV z h^\ 2 + \V z E\ 2 + \V z B\ 2 \w(q)d 3 x. 

Proof. ( |10.0.7| i easily follows from the identity IV^I 2 = %^ Z E\ 2 + 2 | V^.£?| 2 , the verification of which we leave to the reader. □ 

Lemma 10-3. The following estimates hold for any sufficiently differentiable spacetime tensorfield U(t,x) defined in a neighborhood 
o/So = {(t,x) | t = 0}, where w(q) is the weight defined in ( |12.1.1| >: 

(10.0.8) ( £ w l ' 2 (q)\V z U\)k (> « ( E(l + ^) 1/2+V+|/| |V^l)L 

\i\<i \i\<£ 

»( E (l + ry>^* k \V J d*U\)\ . 
\J\+k<i 

The same estimates hold ifV z is replaced with C z . The notation | is meant to indicate that the estimates only hold along Sq. 
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Proof. By iterating the identity = - — K ^ Xtl , and noting that q = r = s along T, , it follows that 

(10.0.9) (l + r)H|V x tf|:S E WzU\. 

\J\z\i\ 

It thus follows that 

(10.0.10) ( E(i + 1/2+Y+|/| |v^|)L <( Z ^ 1/2 (9)lv^|)| 

\i\<e \i\<e 

On the other hand, the opposite inequality follows easily from expanding the operator and using the Leibniz rule plus ( |6.2.4) . 
This proves the first « in ( |10.0.8[ ). The second « is trivial. We have thus established Q10.0.8) . To establish the same estimates with 
the operator in place of V^, we simply use ( |6.5.22) , 

□ 



Corollary 10-4. Under the assumptions of Lemma \10-2\ we have that 

(10.0.11) 4 r ^(0)» E /" (l + |^|) 1+ ^ +2m {|^V^ (1) | 2 (0^) + |V J V/i (1) | 2 (0,a ; )}d 3 x 

+ J {I + \x\) 1+2y+m {\d k ;v! E\ 2 {Q lX ) + \d^B\ 2 (0,x)}d 3 x. 



Proof. Corollary 10-4 follows easily from Lemmas 10-2|and|10-3| □ 



Lemma 10-5. Let k > 1 and £ > 8 be integers, and let J be a V -multi-index. Assume that \J\ + \K\ < I. Assume that (hffl , T^J) is 
a solution to the reduced equations ( |3.7.1a| l - ( |3.7. lc[ >, and define the arrays V, V {0 \ V {1 \ W, W {0) , W {1) by 

(10.0.12a) V = (h,Vh, d t h, E, B) = V {0) + V {1 \ 

(io.o.i2b) ^ f (h W ,Yh W ,d t h^,0,Q), 
(10.0.12c) * ' (hS l \vhS l \d t h^ l \E,B), 
(10.0.12d) W= (0,Vh,d t h,E,B) = W (0) +W (1) , 

(10.0.12e) W {0) *(0,Vft (o) ,S|t^ (0) ,0,0), 

(10.0.12f) W {1) ^(0,Vh ll \dth w ,E,B). 

In the above expressions, the tensorfields h!^} , h^J are defined by ( | 1.2. la} - ( |1.2.1c| l, while the electromagnetic one-forms , B^ 
are defined in ( |9.2.4[ ). Assume further that IV^I + M < e. Then if e is sufficiently small, d^V^W^ 1 ' can be written as the following 
finite linear combination: 

(10.0.13) y J <9 t fe VF (1) = Y,terms, 

where each term can be written as 

\J\ + k+l 

(10.0.14) term= £ E F (l :./:/.:-;('••'•)•//,; ...... );\-' U U 

s=0 |7i|+-+|7,|<|J|+fc 

where 

(i) The array-valued functions ^(i 1 ....j s ;j-k-s) {V)\V Il W t<1 \ V Is W^] are continuous in a neighborhood of V = and 
are multi-linear in the arguments [V_ Il W^ 1 \ V^'W^ 1 ']. 

(ii) 77ie array-valued functions F^j 1 ...j s .j. k . s ^ (t, x) are smooth and satisfy 

\E(lx,—,l e ;J;k;a) ifi x )\ ~ M(l + t + |x|)~( 3+ ' ,7 ' +fe ) if s = (i.e., if there are no multi-linear arguments [■••]), where M is the 
ADM mass. 

(iii) In the case s> 1, \F {Iu ...j s .j. k . s )(t, x)\ < (1 + t + \x\)~ d , where d> \ J\ + k- (\h\ + ■■■ + \I\ S ) - (s - 1). 
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Proof. We first claim that we can write the reduced system ( |3.7. la[ > - ( |3.7.1c[ ) as a finite linear combination 

(10.0.15a) d t W {1) = Y, terms, 

where each term can be written in the form 

(10.0.15b) term= £ ^ ( / ;0; i ; i)(V)[V J W (1) ] + ^(o ; 0;i;2)(^)[^ (1) , W {1) ] 

\i\=i 

;0;1;0) (*) »)-^(0;0;l;0) (V), 

where the functions „#(...■) (V) [•••], which depend on the I + 1-times continuously differentiable Lagrangian *Jz? for the electromag- 
netic equations, have the properties stated in the conclusions of the theorem; and /(o ; o;i;i) (t, x), /(o ; o;i;0) (t, %) are smooth functions 
satisfying |V I /( . 0;1 ;1 )(t,a;)| < (1 + t+ |a;|)~ 2+|/| , |V J /(o ; 0;i;0)(*) x )\ ^ M (l + t + M)~ 3+|/| for any V-multi-index /. Let us accept 
the claim ( | 10.0. 15b) for now; we will briefly discuss the derivation of ( | 10.0. 15b) at the end of the proof. We also note that 



(10.0.16) d t V = d t W {1) + IW (1) + d t V (0) , 

(10.0.17) yY = viy (1) + u 2 w {1) + vy (0) , 

where d = (9 t /jW,0,0,0,0), = (V/i (1) ,0,0,0,0), and V^\t,x) satisfies 

|V / a t y (0) (t, x)\ +\y I yV ( -°\t,x) \ < (1 + t + \x\)- 2+ ^ for any V-multi-index I (see Lemma |l5-l) . Now with the help of ( |10.0.16| > - 
( |10.0.17| >, the chain rule, and the Leibniz rule, we repeatedly partially differentiate ( |10. 0.15b) with respect to time and spatial deriva- 
tives, using the resulting equations to replace time derivatives with spatial derivatives, thereby inductively arriving at an expression 
of the form ( | 1 0.0. 14| > featuring the properties (i) - (iii). The properties (ii) - (iii) capture the fact that each additional differentiation of 
d t W^ either a) creates an additional decay factor of (1 + t + \x\y x (when the derivative falls on one ofthe/...(t,:r));b) increases 
one of the powers \Ij\ (when the derivative is spatial and falls on one of the multilinear factors [— , V Ij W^ x \ •••]); or c) increases s 
by one (when the derivative falls on ^$(V) , thereby creating an additional multi-linear factor of V via the chain rule). 

We now return to the issue of expressing d^W^ 1 ' in the form ( |10. 0.15a) - ( |10. 0.15b) . We will make repeated use of the spl itting 



h = h(°> + where hS ' is the smooth function of (t,x) with the decay properties ( 15.1.1a| i, which are proved in Section 



15.1 



We first note that dtE and df B can be expressed in the desired form using ( |9.2.10a[ ) - ( |9.2.10b| i, together with the splitting of h and 
the properties ( |15.1.1a[ ). Next, the quantities dtVhffl can be expressed in the desired form through the trivial identity dtVh^J = 
Vpthffl ■ The quantities d 2 h$ can be expressed in the desired form by using equation ( |3.7.1a| i to isolate them. We remark that the 
•^i-fi t i;iiy)\vJW^ 1 '^ term on the right-hand side of ( |10.0.15b) arises from the spatial derivatives and mixed space-time derivatives 
of contained in the term O g h$ on the left-hand side of ( |3.7.1a| >. Furthermore, the ^o;0;i;2(^) [W^ , W^ 1 ^] term on the right- 
hand side of ( | 10. 0.15b) arise from the quadratic and higher-order-in terms on the right-hand sides of ( |3.7. la[ > and ( |9.2.10b| l, 
while the /ojOiX;i(*i a; )-^0;0;i;i(V')[W^ 1 '] term on the right-hand side of ( 10.0.15b) arises from the and Vh^ -containing 



factors that arise from the terms on the right-hand sides of ( |3.7. la| > and ( |9.2.10b| i that contain a linear factor of h or X/h. Finally, the 
fo-,0;i;o(t, x)^o ; o ; i ; o(V) term on the right-hand side of ( | 10. 0.15b) arises from the B g h$ term on the right-hand side of ( |3.7.1a| >, 
and from the 0(\Vh^ | 2 ) terms arising from splitting the 0(\Vh\ 2 ) terms on the right-hand side of ( |3.7. la| >. 

□ 



Corollary 10-6. Assume the hypotheses of Proposition 10-1 
integer, let J be a V multi-index, and assume that \ J\ + k < 

( jl0.0.12a| > - ( |10.0.12f) , letV(x) = V(0,x), -, W w (x) = W w (0,x), and assume that |V W 
sufficiently small, the following inequality holds: 



including the smallness condition Et y (Q) + M < e. Let k > be an 
Let V(t,x), ■■■,W^ 1 \t,x) be the array-valued functions defined in 

+ \\W w \\ H t <e.Thenifeis 



(10.0.18) 



|(1 + \x\) {1/2+y+W+k) V J d?W {1) (0,x)\ 



L ^\\W (1) \\ H t +M. 

L 1/2+T 



Proof. Let us first consider the case s = in ( |10.0.14| >. Then using that \F( . Jik . t0 )(t,x)\ < M(l + \x\) ( 3+ l J l +fe ) (i.e., property (ii) 
from Lemma the conclusions of 10-5 1 and recalling that 0<y< 1/2, it follows that 
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L- 



|2 d 3 5 



(10.0.19) |(l + M) 1 / 2+Y F (0; , /;fc . 0) (0,x)^ (0;J;fe;0) (l/( 2 :))[ 

= f ,(l + |a;|) 1+2 T|F ( o iJ;fci o)(0,a;)^r(o i j ! *iO)(V r (x))| a 
<M 2 f {l + \x\y A d?x<M 2 . 
For the case s > 1, we first use Proposition | A- 1 1 to deduce that for all V-indices K with \K\ < I - 2, we have 

(10.0.20) \V K W {1 \x)\ < (1 + \\W W || „ m+ 2 . 

~ 1/2+Y 

Then (without loss of generality assuming < I/2I i ••■ ^ \Is) we use 

/ </ ,.,/ :./:/,:-)('••' ) S ( 1 + t + \x\)~V J|+M 1/1 l+ "' +|/| s Hs ~ 1} ) (i.e., property (iii)), together with qi0.0.20> , to deduce 

(10.0.21) || (1 + l^l) 1 / 2 -^!^!-^^^,.^^^.^^ (0, ^^cxx,-.,^^;^ (^(^))[V^T^ C1 ^ (^), (a;)] 

${fi ||(1 + N) |/l|+ "' +|Vl|+M) V 7 W (1) (x)| io „}|(l + H) 1 ^^'!/'^' 1 ^)^ 

1=1 

< |(l + |.T|) 1 / 2+Y+ l /s lv /3 iy (1) (a;)|| i2 < \\W w \\ m . 
Combining ( |10.0.19| l and ( |10.0.21) , we arrive at ( |10.0.18| ). 



1/2+Y 



□ 



We are now ready for the proof of the proposition. 

Proof of Proposition |10-1| We first remark that the estimates derived in this proof are valid under the assumption that e is 
sufficiently small. Recall that g^ u {t, x) = to m „ + x(f )x( r ) — <^«< + h^} (t,x). Also recall that according to the assumptions of the 
proposition, 



(10.0.22a) 



h w (0,x) 



(10.0.22b) 



d t h^(0,x) 



/0 \ 

h[¥ h$ 

o & m $> 

V0 h$ hg ] h^J 

(2A 3 (g- 1 r b K ab A 2 (g-^Y b d a ° lbi A\gT l ) ah d a °g b2 A 2 {g-^y b d a g^\ 
A 2 (g_- 1 ) abd 4 bl 

{A 2 (g- 1 ) ab d a g^ 2,1/Y,, 2AK A , 2AK : 



2AK n 
2AK 21 



2AK 12 
2AK 22 



2AK 13 
2AK 23 

where = ^l-2Mx(r)/r, and 5 (x) = 5 jfc + 2M X (r)/rS jk + h$(x). Note that (g 1 )^ = 8^ + 0°°(\M X (r)/r\;h {1) ) + 

0°°(|A I; Mv(r)/r). Ourimmediate objectives are to relate ||9tft.( 1 - ) (0, •) II ff ( and ll-Elir* to the inherent quantities ||/i||h"< ! , 

1/2+Y 1/2+Y * 1/2+Y 

\\K \ H t , , ||93|#« , and M. To this end, we first observe that the following estimates hold for sufficiently small M : 



(10.0.23) 
(10.0.24) 
(10.0.25) 



|V 7 (M^)|<M(l + r)-( 1+ l 7 l), 
\A(x)\<l, 
|vM(a;)|<Af(l + r) _(1+|/| \ 



> 1. 



Using ( |10.0.22a| ) - ( |10.0.22b| i, the decay estimates ( [10.0.23) - ( |10.0.25| ), the Leibniz rule, Corollary A-4 
the fact that < y < 1/2, and elementary calculations, it is easy to check that 

(10.0.26) \\d t h(0,-)\\ H i <||4 (1) ||^ +\\K\\ H t +M. 

1/2+Y 

Furthermore, by ( |9.2.6a| i, ( |9.2.6c| i, and Corollary |A-4| we have that 



the definition of II • 



H 



1/2+Y 
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(10.0.27) 

Similarly, by we have that 
(10.0.28) 



\E\ 



\D\ 



+ \\B\ 



H 



1/2+Y 



i?' + \\ B \\m ln 

1/2 + Y 1/2+Y 



\\D\ 



H 



+ w\ 



1/2+Y 



H 



1/2+Y 



Hi,, + II® Iff?,, • 

1/2+Y 1/2+Y 



By ( |10.0.26 [), < [1 0.0.27) , ( |10.0.28| >, and Proposition A-l it follows that if E e , y ( 0) + M is suf ficient ly small, then the smallness 



conditions 24 for IV^Hi- and [W^ 1 ) \\ H e in the hypotheses of Lemma 
Corollaries 



10-5 



and Corollary 



10-6 



O^and fTO^] ( |10.0.26| l, ( jl0.0.27| i, and ( |10.0.28| ), we deduce that ire is sufficiently small" 



hold. Therefore, combining 
then 



(10.0.29) 



\\d t h^\0,-)\\ 2 Hi + \\E 

1/2+Y 



<llv4 (1) l^ + 11*1 



1/2+Y 



H 



+ 13)1 



1/2+Y 



+ 158 



+ II -B 



1/2+Y 



1/2 + Y 

2 



H 

+ M 



+ M l 



1/2+Y 

2 



1/2+Y 



4 y (0) + M 2 . 



This concludes our proof of Proposition|10-l| 



□ 



11. Algebraic Estimates of the Nonlinearities 



In this section, we provide algebraic estimates for the inhomogeneous terms that arise from differentiating the reduced equations 
( |3.7.1a| i - ( |3.7.1c| i. We also use the equations of Proposition 9-2 to derive ordinary differential inequalities for the null components 
of T = C Z T. Furthermore, we provide algebraic estimates for the inhomogeneous terms appearing on the right-hand sides of these 
inequalities. Many of the estimates derived in this section rely on the wave coordinate condition. 



11.1. Statement and proofs of the propositions. The proofs of the propositions given in this section use the results of a collection 
of technical lemmas, which we relegate to the end of the section. We begin by quoting the following proposition proved in |LR10|, 
which is central to many of the estimates. The basic idea is the following: many of our estimates for coupled quantities would break 
down if we could not achieve good control of the components h^L and /ilt- Amazingly, as shown in ILR031 and jLRlO], the wave 
coordinate condition allows for independent, improved estimates of exactly these components. 

Proposition 11-1. |LR10 Proposition 8.2] (Algebraic consequences of the wave coordinate condition) Let g be a Lorentzian metric 
satisfying the wave coordinate condition ( |3. 1 . 1 a) > relative to the coordinate system { 2^1^=0, 1,2, 3- Let I be a Z -multi-index, assume 
that \\J z h\ < e holds for all Z -multi-indices J satisfying \ J\ < [|/|/2j, where h^y = g^ v - m^. Then if e is sufficiently small, the 
following pointwise estimates hold for the tensor = (g~ 1 )^ u - (mT 1 )^ : 

(11.1.1a) \W Z H\ CT < £ \VV J Z H\ + £ \VV J Z H\ + £ |v£if|| VV§#1, 

|./|<|/| \J\<\I\~1 |A| + l-f2|<|/| 



Absent if\I\ = 0. 

(11.1.1b) \WzH\cc < E |VV£#| + £ \WzH\ + £ |v£ff||w£ff|. 



./|<|/| l^|s|/|-2 |A| + |/2|<|/| 



Absent if\I\ < 1. 
Furthermore, analogous estimates hold for the tensor h^. 

□ 

The next lemma provides an analogous version of the proposition for the "remainder" pieces of (g~ l )^ v and g^ v . 

Lemma 11-2. 1LR10I Slight extension of Lemma 15.4] (Algebraic I analytic consequences of the wave coordinate condition) Let 

g be a Lorentzian metric satisfying the wave coordinate condition ( |3.1.1a| > relative to the coordinate system {a;' i };i=o,i,2,3, cmd let 
jjfiv d M (^g-iyiv _ ^ m -i^i/ k > be an integer, and assume that there is a constant £ such that \V z h\ < e holds for all 
Z-multi-indices J satisfying \ J\ < fc/2, where /i M „ = g^ v - m^. Let 



24 As in the Lindblad-Rodnianski proof of Corollary 15-2 below, the smallness condition \h^ (0, a;)| < e(l+r) 1 y follows from integrating the smallness condition 



|9 r ftW(0,a:)| < e(l + r)- 2 ^ , which is a consequence of Proposition | A- 1 1 from spatial infinity and using the decay assumption jl.0.3c) for |ftW(s;)| at spatial 
infinity. 
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(11.1.2) H% = f H^ - Hft, Hft = f - X (- t )x(r)^\ 

where is the tensor obtained by subtracting the Schwarzschild part from , and let xo(l/2 < z < 3/4) denote the 
characteristic function of the interval [1/2, 3/4]. Assume further that M < e. Then if e is sufficiently small, the following pointwise 
estimates hold 



(11.1.3) E |vvi%)bc + E |vvii? (1) |£T< E |VV^ ( i)| 

l/l<fe Jl<fc-1 l/l<fe 

+ e ECi + i + Mr'lvv^Dl + e E( 1 + * + M)" 2 lv^(i)l 

|/|<fe \I\<k 

+ E Iv^^Dllvv^d)! + E Iwi'tf (1) | 

-fl| + |-f2|<fc |J'|<fc-2 



Absent ifk<\ 
+ e(l+t+\q\)- 2 Xo (l/2<r/t<3/4) + e 2 (1 + t + \q\y 3 . 



Additionally, let 



(H.1.4) ftg? = V " ^ = X( j)x(r)^^, 

where hJj}J is the tensorfield obtained by subtracting the Schwarzschild part h^J from h^ u . Then an estimate analogous to \\\.\.2\ 
holds if we replace the tensorfield with the tensorfield hS^ . 

Proof. The estimates for the tensorfield were proved as BLR10I Lemma 15.4]. The analogous estimates for the tensorfield hji) 

follow from those for , together with the fact that H^y^v = -h$ + 0°° (|/i (0) + | 2 ) and the decay estimates for ft, (0) stated 
in Lemma [l5-ll □ 

We now turn to the following proposition, which captures the algebraic structure of the inhomogeneous term f) M „ appearing on 
the right-hand side of the reduced equation ( |3.7.1a| ). 

Proposition 11-3. BLR 101 Extension of Proposition 9.8] (Algebraic estimates of S)^ v and V Z S^^ V ) Let Sj^ be the inhomogeneous 
term on the right-hand side of the reduced equation ( |3.7.1a| l, and assume that the wave coordinate condition ( |3.1.1a| l holds. Then 

(11.1.5a) \^<\Vh\\yh\ + (\T\ c * + \T\tt)\F\ + 0°°{\h\\Vh\ 2 ) + O l+ \\h\\T\ 2 ) + O e+1 \T\ 3 ;h), 

(11.1.5b) \s)\<\vh\ 2 TJV + \vh\\vh\ + \T\ 2 + 0°°(|^||V/i| 2 ) + M (\h\\f\ 2 ) + M (\f\ 3 ;h). 

In addition, assume that there exists an e > such that \V z h\ + \C, Z T\ < e holds for all Z -multi-indices \ J\ < [\I\/2\. Then if e is 
sufficiently small, the following pointwise estimates hold: 

(11.1.5c) |V^|< E {\^zh\rM^z h \r^ + |Vv£ft||VV* 2 /i|} 

|/il+|/ 2 |<|-f| 

+ e i^n^i + e iw^iiw^i 

|/i| + |/ 2 |<|/| |/i| + |/ 2 |<|/|-2 



Absent if\I\ < 1 

+ E {|v£/i||vv£/i||vv£fc| + W^hWC^TWC^Tl + \CJ^T\\CJ£T\\CJ£T\\. 

|/l|+|/ 2 |+|/8|S|/| 



Proof. Using ( |3.7.2a[ ), we can decompose f)^ into 



(11.1.6) 
where 
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(11.1.7) (iV = ^(VAV,/>), 

(11.1.8) (»)„„ = £$ h \vh,Vh), 
(H.1.9) m*» = 3$ h) 

(11.1.10) (iv) *0"(|ft||V*| a ) + O t+ \\h\\T\ 2 ) + O i+1 (\Ff;h). 



We will analyze each of the four pieces separately. 

The facts that |(i)|rw ~ the right-hand side of ( |11.1.5a| i and that |(i)| < the right-hand side of ( |11.1.5b| > foll ow fro m Proposition 
~" ( [11.2.7a) , and ( [11.2.7b) . The fact that |V|j(i)| < the right-hand side of ( |1 1.1.5c) follows from Proposition |ll-l| ( [11 .2.2c) , and 



11-1 



(11.2.7ai 



The facts that \{U)\tN S the right-hand side of ( |1 1.1.5a) , and that < the right-hand side of ( |1 1.1.5b) both follow from 
( |1 1.2.7c) . That |V^(m)| < the right-hand side of ( |1 1.1.5c) follows from ( [11. 2.2a) and ( |1 1.2.7c) . 

The fact that |(m)|rw ^ the right-hand side of ( |1 1.1.5a) follows from ( |11.2.7d) , while the fact that |(m)| < the right-hand side 
of ( |11. 1.5b) follows from ( |11.2.7e) . The fact that |V^(m)| < the right-hand side of ( |1 1.1.5c) follows from ( |6.5.22) , ( |1 1.2.2b) , and 



( |11.2.7e) 



The desired estimates for term (iv) follow easily with the help of the Leibniz rule and ( |6.5.22) . 

□ 



The next proposition captures the special algebraic structure of the reduced inhomogeneous term defined in ( |8.1.2b) 



Proposition 11-4. (Algebraic estimates of 3(j)) Let ^ v be the inhomogeneous term ( |3.7.2b) in the reduced electromagnetic equa- 
tions, let I be a Z-multi-index with \I\ = k, and let X v be any covector. In addition, assume that there exists an e > such that 
|V]g/i| + \^-'z^\ - £ holds for all Z -multi-indices \ J\ < [k/2\. Then if e is sufficiently small, the following pointwise estimates hold: 



(li.i.iia) \x v £* z r\< E l^llw^||4 2 J-| + E I^Hvv^|(l4 2 J-| £A A + l4 2 ^|rr) 

-fl| + |-f2|<fc |-fl| + |-T2|<fc 

|/i|+|/ 2 |+|-f3|<fe | -Tl 1 + 1-^2 1 + |-?3 

^(l + t+M)" 1 E \X\\^h\\L^\ + (1 + M)" 1 E |^||V^|(l4^ + l4 2 ^lrr) 

|/l| + |/2|<fc + l |/l| + |/2|<fc+l 

|/2|<fc |/ 2 |<fe 

+ (l + Mr 1 E + 14^4^4^}. 

-Tl| + |-f2| + |-f3|<fe+l 

|X 3 | > |Z 3 |^fc 



/n addition, the same estimates hold for \X. v Cr z ^ J \. 

Furthermore, let N^^ VK> ~ be the tensorfield from tlie reduced electromagnetic equation ( |3.7.1c) . Then if e is sufficiently small and 
k > 1, the following pointwise commutator estimate holds: 
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(n.i.iib) \x v {N#'»" tX v lt £ I z r KX -£ I 2 (N*' t ''" x \7 lt r K x)}\ 



^(l + M)- 1 Y. \X\Wzh\cc\C J z F\ + (1 + M)- 1 E iXlWihlcdC^l 

\I'\=k \J\<1 
\.J\<1 \I'\=k 

+ (1 + Mr 1 E I*l|/>krl4'^ + (1 + Mr 1 E I^||v^|(l4 2 ^ + l4 2 ^lrr) 

/'| = fc l-Til+l-^l^fe+l 

l-fl|,|/2|<fc 

+ (i + 1 + M)- 1 e l^llv^n4 2 ^l + (i + l«l)" x E |x| £ |vi^n4^i 

|/l|+|/2|^fe+l |ii| + |J 2 |<fc+l 

l-fil,l-f2l<fe l-TiM-fals* 

+ C1 + M)- 1 E |x||v^| ££ i4 2 ^l + (i + M)" 1 E \x\\^h\ C r\^\ 

-fl| + l-f2|<fe+l -Tl| + |-f2|<fc 

/i|<fc-l,|/2l<fe-l \h\<k-l,\I 2 \<k-l 

+ C1 + M)- 1 e wiv^i4j-| 

|/i|+|-T2|<fc-l 
|/i|<fc-2,|/ 2 |<fe-l 



absent if k = 1 

(i + M)- 1 e |x|{|v^iiv^i4j-| + |v§/i|i4^n4^| + 14^114^114^1}. 



\Ii\ + \I-2\ + \I:i\<k+l 

\h\,\l2\,\h\<k 



Proof. Inequality ( |1 1.1.1 la) follows from ( 6.5.22[ ), ( |6.5.23a| >, ( |6.5.23b[ ) (which allow us to estimate Lie derivatives of h in terms of 
covariant derivatives of h), ( |8.1.3a) , and ( 1 1.2.7i| >. 

Inequality ( |1 1.1.1 lb] ) follows from ( |3.7.2h| ), ( |6.5.22| ) and ( |6.5.23c[ ) (which allow us to estimate Lie derivatives of h in terms of 
covariant derivatives of h), fl8.1.3b| ), ( |11.2.7f| ), and ( jll.2.7h| i. 

□ 



As discussed at the beginning of Section |9.1| the null components of the lower-order Lie derivatives of T satisfy ordinary dif- 
ferential equations with controllable inhomogeneous terms. The next proposition provides convenient algebraic expressions for 
the inhomogeneities. In Section 15 these algebraic expressions will be combined with decay estimates to deduce upgraded decay 
estimates for the null components of T and its lower-order Lie derivatives. 



Proposition 11-5. (Ordinary differential inequalities for o^C z T\ o^L z T\ p\L z T~\, and a[C z J-]) Let T be a solution to the 

reduced electromagnetic equations p.7.1b| > - ( |3.7.1c| i, and let a, a, p, a denote its null components. Let A '= L + \hi,i,L, and 
assume that \h\ + \T\< £ holds. Then if e is sufficiently small, the following pointwise estimate holds: 



(11.1.12) r-^V^ra^Zr-^ccH + E r' 1 (\£ Z T\ C * + \£ z T\tt) + E ^ 1 |V^l4 2 ^l 

|/|<i l-fiM-Msi 

+ E( 1 + M)^N(l4^ + l4^lrr) 

|/|<i 

E (i+wr^vZw'iW'i^ + |v^y4^y4^i + 4^14^14^1}. 

l-fil+l-f2l+l4|si 
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Similarly, for each Z -multi-index /, let a[£. I z J-''\, a[jC z !F], pYC I z T^ 1 and a\C z T"\ denote the null components of CJ Z T . Fur- 
thermore, let Tzj(q) be any differentiable function of q. Assume that \V z h\ + \L Z T\ < e holds for \I\ < [fc/2j. Then if e is sufficiently 
small, the following pointwise estimates also hold: 

(11.1.13a) 

£ r- 1 |v A (rn7(g)a[£^])| 



\I\<k 



S E r^wiq^cM^i + E ™'(q)\h\cc\a[£ z T]\ 

\I\<k \I\<k 

+ Y, ™(q)(l + \q\y 1 \V I zh\c4a[£ J z :F ~\\ + E ^(«)(1 + MrVz^b^z ^]| 

|/|<fc |j|<i 

./|<i |/|<fc 



absent ifk<\ absent if k = 

+ E n7(g)(l + M)->| £r |a[£iF]| + X ^(9)(l + M) _1 |V§^l|«[4 2 ^]| 



|7|<fe |/l| + |/2|<fe+l 

' |/l|<fe-l,|/2l<fc-l 



absent ifk = 



absent ifk = 

+ E w(?)r- 1 (l4^ + 4^lrr) + X ^(l + M^lv^Kir^l^ + I^J-Irr) 

/|<|fc| + l |/l| + |/2|<fe+l 

+ X ^(q)(l + t + M)-V^ll4 2 ^1 

-Til + l^lsfc+l 

+ e wiq^i + iqiy^w^hiw'ihwc'iTi + |v^h4 2 j-|i4 3 j-| + 14^114^114^1}, 

\Il\ + \h\ + \l3\<k+l 

(11.1.13b) 

EHvL(r-V[£^])|< E^" 1 I4^I+ E (i+kirVi 1 ^114^1 

|/|<fe |J|<fc+l |/l| + |/2|<fe+l 

l-fll<fe 



+ 

7l| + |/2| + |/:i|</v+l 



E (i + m)^ 1 {|v^iiv§/ 1 |4j-| + |v^i4j-|4j-| + 14^114^114^1}, 



(11.1.13c) 

E r 2 \vL(r- 2 P [£ z F])\ < E^I4^I+ E (i + M)- 1 |v^i4j-| 

\I\<k l/l<fe+l l/ll+l/ 2 l<fc+l 



+ 

|/l| + |/2| + |-f3|<fc+l 



E (i + HY^ihpz + |v^i4 j-|4 j-| + 4^14^14^1}, 



(11.1.13d) Y. r 2 \VL(r- 2 <j[£ z F])\ < £ r" 1 ^. 

/|<fe |/|<fc+i 

Proof. Our proof of ( |11.1.12| i is based on decomposing the terms in equation ( |9.1.8a| i, where = a^[T], = 3 s " , etc. in 
the equation. We remind the reader that this equation is a consequence of performing a Minkowskian null decomposition on the 
electromagnetic equations ( |3.7.1b[ ) - ( |3.7. lc| >. Here, 3"" is defined in ( |3.7.2b| >. We begin by noting that the first two terms in 
equation ( |9. 1 . 8a| > can be written as r _1 Vl(to). We then remove the dangerous I^llVlc*,, component from the quadratic term 

rfiv\ ^rn(h, VT) d =rfi* h^ iK y ^T K \ on the left-hand side of ( |9.1.8a| i, and add it to the r _1 Vi, (ra v ) term. Using the fact that 
Va^ = 1 - \fiLL, it follows that the resulting sum can be written as r^ 1 ^ \(ra u ) + \r~ 1 IiLi J a u . We then put the jr^fiLL&v term 
on the right-hand side of ( 11.1.12) as the first inhomogeneous term; all the remaining terms in ( |9.1.8a) will also be placed on the 
right-hand side of ( |11.1.12) . The left-over terms in ^^(/i, VT) (after the dangerous component |/illV lQ^ has been removed) 



are denoted by &>fo(h, VT) in Lemma 11-10 below. Now by ( |11.2.7g) , with X v < = r/w (so that \X\ C = 0), it follows that the 

left-over terms X v * (h, VT) are bounded by the right-hand side of ( |11.1.12) . The terms 'f p and 'f a appearing on the left-hand 
side of ( |9.1.8a) (see Remark [9^2) can be bounded by the second term on the right-hand side of ( |11.1.12) via Corollary |6-13| The 
remaining terms in equation \l 1.1.12) that need to be bounded can be expressed as X^JS^.^ (h, X u rN^ KX X7pJ- K \, and 
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X U '$ V . The first of these can be bounded using \\ 1.2.7h| >, the third with ( | 1 1 . 1 . 1 1 a) (in the case |7| = 0), while the second (with the 



help of Lemma 6-1 1 1 contributes to the cubic terms on the right-hand side of ( 11.1.12) 



Our proof of ( 11.1.13a) is similar, but more elaborate. To begin, we differentiate the electromagnetic equations with the iter- 



ated modified Lie derivative C z to obtain the equations of variation ( |8.1.1a) - ( |8.1.1b) for T^ v = C Z T^ U with inhomogeneous 
terms % v = STj), where 5^ is defined in ( |8.1.2b) . We then perform a null decomposition of the equations of variation, ob- 
taining equation ( |9.1.8a) with a u = f a^CgJ 7 ], = f STnj etc - Next, we multiply equation ( |9.1.8a) by ■cj(q), use the iden- 
tities Va?" = 1 _ \h-LL and Va<? = -\h,LL, and argue as above, removing the dangerous |/illV lH^C^J 7 ] component from 
the quadratic term ifi v x ^hr\ (h, V C Z T) ^rfi v /i MK V ^C^T^x and denoting the remaining terms by rfi v x ^^^(h^ C Z T) , to 
deduce that w{q){v L a v [^] + \ h LL VlO^C 1 ^ + r^a^T]) = r' 1 V K {rw(q)a v [L z J-^) + \r - 1 vj{q)h LL a v [C I z r\ - 
^■cu'(q)hLLCt LlJ [C z J r ]. The ^ rs ^ °f these three terms is the only term on the left-hand side of ( |1 1.1.13a) , while the last two are 
brought over to the right-hand side of ( | 11. 1.1 3a) . To bound rfi vv i 3^ by the right-hand side of ( | 11. 1.1 3a) , we again set X v * A =rfi vv i 
(so that \X\c = 0); the desired bound then follows from ( | 1 1 . 1 . 1 1 a) and ( | 11. 1.1 lb) , together with repeated use of the inequality 
\£>zF\ S IqlC^J 7 ]] + \C z J-\cm + \C z F\tt- The terms w{q) ^ p[C z T] and w{q) f a[C z T^ appearing on the left-hand side of 
( |9.1.8a) (see Remark [9^2) can be bounded by the seventh term on the right-hand side of ( |1 1.1.13a) with the help of Corollary |6-13| 
The remaining three terms on the left-hand side of ( |9.1.8a) to be estimated are X v > ^^-.(h, V C Z T), X v > JS^.p^h, V C Z !F), and 

X V ,N* 0,/ ' KX X7p£ z F K x- The first of these can be bounded using ( |11.2.7g|i, the se cond with ( |1 1.2.7h) , while the third (with the help 



of Lemma 6-11 1 contributes to the cubic terms on the right-hand side of ( 11.1.12) . 

The proofs of ( |1 1.1.13b) - ( |1 1.1.13d) , which are based on an analysis of equations ( |9.1.8b) - ( |9.1.8d) , are similar, but much 
simpler. We leave the details to the reader. □ 

The next proposition provides pointwise estimates for the challenging commutator term D g V z h^ - y z n g h^ from the right- 
hand side of ( [7.0.40) . 

Proposition 11-6. MLR 101 Proposition 5.3] (Algebraic estimates of [Q g , V^]J Let g^ v be a Lorentzian metric and let h^ v = - 

m^v and '= (g~ 1 ) t * l/ - w) lv . Let O g '= O m + H kX SJ K Va, and let I be a Z-multi-index with 1 < \I\. Let V z denote the modified 
Minkowskian covariant derivative operator defined in ( |6.4.1) . Assume that there is a constant e such that \\I z h\ < e holds for all 
Z -multi-indices J satisfying \ J\ < [|/|/2j. Then if e is sufficiently small, the following pointwise estimate holds: 

(11.1.14) \u g V z h^ -V z u g h^\ 

E WzH\WVzh {1) \ 

\K\<\I\ 
|./| + (|A'|-1) + <|/| 

+ (i + kl) -1 E IvvfW E WzH\cc+ E |vi'^Ur+ E Ivf^l 

|K|<|J| I |J|+(|K|-1)+ \J'\+(\K\-l)+ \J"\+(\K\-1) + 

<\I\ <\I\-l SUI-2 



Absent if \I\<1 or \K\ = \I\ 



where (\K\ - 1) + = if\K\ = and (\K\ - 1) + = \K\ - 1 if\K\ > 1. 



□ 



Corollary 11-7. (Algebraic estimates of \n g y z h^\) Assume that h^J , = 0,1,2,3), is a solution to the reduced equation 
( |3.7.1a) . Then under the assumptions of Proposition [77^6] we have that 

(11.1.15) 

|B 9 v^ (1) |<|v^| + |vis^ (0) | + (1 + t + Mr 1 E |v£fl1|vv£/i«| 

\K\<\I\ 
\J\ + (\K\-1) + <\I\ 

+ (i + M) -1 E |vvf/i (1) |{ E W J zH\cc+ E lvi'#Ur+ E lvi"if| i 

\K\<\I\ {\J\ + (\K\-1)+ |./'| + (|A'|-1) + |J"| + (|A-|-1) + J 



<|J| <|/|-1 <\I\-2 



Absent if\I\ = Absent if\I\ < 1 or \K\ = \I\ 
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to decompose U g y z h^ = V z ¥)- V z U g h^ + \ [ U g V I z h^ - V^Bg/i^H and apply Proposition 

111-61 " " ~ ~ " □ 

1 1.2. Useful lemmas. In this section, we provide the lemmas that are used in the proofs of the propositions. We will make repeated 
use of the following decompositions of the Minkowski metric and its inverse: 

(11.2. la) m^ v = ~-L^L v -]-L ll L v +rfi IJ , v , 

(11.2.1b) (m- 1 )^ = -\l»L v - \l/L v + ifj™, 

where rj%^ v is the Euclidean first fundamental form of the spheres S r .t defined in ( |5.1.4b| i. 

We begin with a lemma that shows that the essential algebraic structure of the quadratic terms appearing on the right-hand sides 
of the reduced equations ( |3.7. la] > - 43.7.1c) is preserved under differentiation. 

Lemma 11-8. (Leibniz rules for the quadratic terms) Let j2o(Vip, Vx)> ^^(Vtp, Vx) denote the standard null forms defined in 
43.6.6a) - 43.6.6b) , and let £$ h \vh,Vh), £$ h) (T,T), @>{V V v h), ^^(Vh.T), B^.^Qi^T), and J( 2;J) (/i,Vf) 
denote the quadratic terms defined in 43.6.5) , 43. 7. 2d) , 43.6.4) , 43.7.3b) , ( |3.7.3c) , and 43.7.2e) respectively. Let I be a Z -multi-index. 
Then there exist constants CJ? 12- tt , ' ^^ii h;n v ' ^^i.^i an d CiJi,i 2 sucn 



(11.2.2a) vi4 1 / ) (V/i,V/i)= Z ^ A S'^A(VV^ 7 y,VV§W) 

|/l| + |/2|<|/| 

+ E ^?>o(VV^ 7 y,VV§W), 

I^ll + l-f2l<|/| 

(n.2.2b) v^4 2 ; /i) (j-,j-)= y c Iul2 ^ h \^^y^), 



-\h\<\I\ 



(11.2.2c) V^(V^,V„/i)= Y. Cg. IlJa . llu 0'(V K V%h t V x V%h), 

\h\+\I-2\<\I\ 

(11.2.2d) C z ^ } (Vh,T) = Y. C^.j^l^C^C^T), 

\h\+\l2\<\I\ 

(11.2.2e) £^ ( V)(fc,V^)= Y Cvi^li^zh^ (i = M). 

l-fl| + |/2|<|/| 

Proof. By pure calculation, if Z e Z, then the following identity holds for the standard null form J2^(Vtp, Vx) : 

(11.2.3) Vzi^(VV>, Vx) = ^,(vv^, Vx) + ^(v^, vv z x) - {z) <^ K ,(v^, Vx) - (z) C ^ re (VV>, Vx), 

where ^c^„ is the covariantly constant tensorfield defined in 46.2.4) . A similar identity holds for the standard null form i?o( VVs Vx)- 
( |1 1.2.2a) now follows from inductively from these facts and the Leibniz rule, since is a linear combination of stan- 

dard null forms. 41 1.2.2c) follows similarly. 41 1.2.2b) follows trivially from definition 43. 7. 2d) and the Leibniz rule. 411-2. 2d) and 
41 1.2.2e) follow from ( 6.3.4b) , Lemma |(T3~| and the Leibniz rule. □ 

The next lemma concerns the null structure of the standard null forms. 

Lemma 11-9. (Null form estimates of the standard null forms) Let ^(V^Vx) *= ("i~ 1 ) kA (V k V')(Vax), =2 m „(Vi/>, Vx) = 
(V ( nV , )(Vi/X) - ( V u i/j){ V fj,x) denote the standard null forms defined in 43.6.6a) - 43.6.6b) . Then 



(11-2-4) |^o(VV»,Vx)| + |^(V^,Vx)| < |VV||Vx| + |Vx||V# 

Proof. The estimate 41 1.2.4) for =S easily follows from using 41 1.2.1a) to decompose (to _1 ) kA . To obtain the estimates for 
&tj,i/(Vip, Vx)) first consider the ^^(Vip, Vx) to be components of a 2-covariant tensor J2(\7ip, Vx)- Inequality 41 1.2.4) is equiv- 
alent to the following inequality: 



(11.2.5) 



|=2(W>, vx)Lvat S |V^||Vx| + Ivxllv^l- 
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Contracting ^^(V^i Vx) against frame vectors ,N V e Af, we see that the only component on the left-hand side of ( |1 1.2.5[ ) that 
could pose any difficulty is L^L" ^^(Vip, Vx). But the anti-symmetry the B^ u (-, •) implies that this component is 0. □ 



The next lemma addresses the null structure of some of the terms appearing in the reduced equations ( |3.7.1a| i - ( |3.7.1c[ ). 



Lemma 11-10. (Null form estimates for the reduced equations) Let S?( V M II, V^O) , g$ h) ( Vh, V/i) , B^S^ (F,G), (h, VF) 



BY^y-s^h, VJ-), and =SL^(V/i, F) be the quadratic forms defined in Section 3.7 and define the quadratic form ^^r) {h, VF) by 
removing the V ia"[f]- containing component of ^"f^Ah, VJ 7 ) : 

(11.2.6) ^)(ft,Vf) ^ ^{h^T) - l -h LL rfi vu ' VlTl,, 

Let X v be any covector, let n M „, 0^ be any symmetric or anti-symmetric type (!]) tensorfields, and let G^v be any two forms. 
Then the following pointwise inequalities hold: 



(11.2.7a) 
(11.2.7b) 

(11.2.7c) 
(11.2.7d) 

(11.2.7e) 
(11.2.7f) 



(H.2.7g) 



(11.2.7h) 



(11.2.7i) 



v A1 n,v„e)|<|vn| r ^|ve| r ^ + |vn| ££ |ve| + |n||ve| ££ , (^ = 0,1,2,3), 
E \t»n v &(v,ji, v„e)| < |vn||ve|, 

|^ 1 ;' i) (vn,ve)|<|vn||ve| + |vn||ve|, ( M ,^ = 0,1,2,3), 
E \T»N»J2$ h \F,G)\ < (\r\ctr + \F\tt)\G\ + \F\{\G\cm + \G\rr), 

\^H^Q)\MHS\, 0^ = 0,1,2,3), 
iXv&f^fcV^MXWHN^ + \X\\h\{\vT\cM + \VT\rr) + \X\\h\ cc \VT\ + \X\ c \h\\vT\ 

^(l + t + M)- 1 E WWhW&F] + (l + M)- 1 E mh^c^cN + ^TWr) 



I <1 



+ (l + M)- 1 E \xi\h\cc\ciT\ + (1 + Mr 1 E IxW&H^n 

IJI<1 li]<l 
^^(^V^UIX^Ilv^l + \X\\h\{\vT\cM + \VT\rr) + \X\ c \h\\VF\ 

^(l + t + M)- 1 E \X\lhWCiT\ + (1 + M)- 1 £ |^IN(|^U + |£^|rr) 



|/|<i 



|/|<i 



(i + M)- 1 £ l*| £ Nl4n 



i/i<i 



l^^i;^)(^VJ-)|<|X||^||vJ-| + |X||ft|(|vJlrjv + |V^7T) 

^(l + t + M)- 1 e Wll^l + (1+kir 1 E +1^tt), 

|7|<1 |7|<1 

<(i + t + M)^ E WlviW + (i + M)" 1 E Wlv^|(|^ + m-rr). 



i/i<i 



i/i<i 



11-9 



since is a linear combination of standard null forms. 



Proof. Inequality ( 1 1 .2.7c] > follows directly from Lemma 
Inequality ( 11.2.7e| > is trivial, while ( |1 1.2.7a| i, \\ 1.2.7b[ ), and the first inequalities in ( |11.2.7d| i - ( |11.2.7i| > are easy to check using 
( 1 1.2.1a[ ) - ( 1 1 .2. lb| >. The second inequalities in ( 1 1.2.7d| i - \\ 1.2.7i| i then follow from the first ones, Lemma 6-11 and Proposition 
16441 □ 



The next lemma concerns the null structure of the cubic terms on the right-hand side of ( |12.2.4[ ). 
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Lemma 11-11. 1LR101 Lemma 4.2] (Null form estimates for quasilinear wave equations) Let II be a type (°) tensorfield, and let <p 
be a scalar function. Then the following inequalities hold: 

(11.2.8a) |n KA (v K 0)(v A 0)|<|n| ££ |v0| 2 + inraivd, 

(11.2.8b) |L k II kA Va0| < \Tl\cc\V0\ + |n||V>|, 

(11.2.8c) |(VkIi kA )va</>| < |vn| ££ |v0| + |vli||v^| + |vn||v</>|, 

(ii.2.8d) |ip a v k Va</>| < |n| ££ |vv0| + |vv# 

□ 

The following lemma addresses the null structure of the cubic terms on the right-hand side of ( |8.3.3| l. 

Lemma 11-12. (Null form estimates for the electromagnetic equations of variation) Let h^ v be a type (°) tensorfield, and let 
be two-form. Then the following inequalities hold: 

(H.2.9a) KV^)^ S \Vh\ C c\T\ 2 + \Vh\\T\ 2 + \Vh\\T\{\T\ C M + \T\tt), 

(H.2.9b) |(V^ kA )^oa| < Nh\\F\ 2 + \Vh\\T\(\T\c* + \T\tt), 

(11.2.9c) \(Vth KX )F KV F*\ < \Vh\cc\T\ 2 + \Vh\\T\(\T\cu + \T\ rr ), 

(H.2.9d) IL^T^I < \h\cc\F\ 2 + \h\\F\{\F\cN + \F\tt), 

(H.2.9e) \L^h KX T^T ax \ < \h\\T\\T\ C N, 

(H.2.9f) \h KX T KV T^\ < \h\cc\T\ 2 + \h\\T\{\T\^ + \T\ rr )- 

Proof. Inequalities ( |11.2.9a| i - \\ 1.2.9f[ ) are easy to check using ( |1 1.2.1a) . □ 

12. Weighted Energy Estimates for the Electromagnetic Equations of Variation and for Systems of 

Nonlinear Wave Equations in a Curved Spacetime 

In this section, we prove weighted energy estimates for the electromagnetic equations of variation 

(12.0.10a) Va^ + V^a + V^=A^, (A, 0,1/ = 0,1, 2, 3), 

(12.0.10b) N*^ K \^ KX = r, (p= 0,1,2,3). 

Our estimates complement the weighted energy estimates proved in MLR 101 for the inhomogeneous wave equation 

(12.0.H) u 3 4> = a, 

and for tensorial systems of inhomogeneous wave equations with principal part U g ■ 

(12.0.12) = V, (0,z/ = 0,1,2,3). 



12.1. The energy estimate weight function w(q). As in MLR 101 . our energy estimates will involve the weight function w(q) 
defined by 



(12.1.1) 



w(q) 



1 + (l + \q\) 1+2 V, if g > 0, 
1 + (l + \q\)- 2 ^, if g < 0, 



where the constants y and [i are subject to the restrictions stated in Section 2. 14 



Observe that the following inequalities follow from the definition ( |12.1.1 



(12.1.2) w' < 4(1 + |g|) _1 ii; < 16y _1 (l + <?_) 2v V ', 

where q_ = if q > and g_ = \q\ if q < 0. 



Jared Speck 

62 

12.2. Weighted energy estimates. We begin by deriving weighted energy estimates for the electromagnetic equations of variation. 

Lemma 12-1. (Weighted energy estimates for T) Assume that T^ LV is a solution to the equations of variation ( |8. 1 . 1 a[ > - ( |8.1.1b[ ) 

corresponding to the background (h^jj 7 ^), where = g^ v - m MZ ,. Let a = p = and & = <r[.F] denote the 

"favorable" null components of T as defined in Definition 5.8 Assume that \h\ + \T\ < e. Then if e is sufficiently small, and t\ < t2, 
the following integral inequality holds: 

(12.2.1) 

-*2 



f \T\ 2 w(q)d 3 x + f 2 f (a 2 + p 2 + a 2 )w'(q)d 3 xdT 

< f \T\ 2 w(q)d 3 x 

•J t\ J S T ' Z ' 

+ [ t2 [ |(V M iVf K ' KA )AA^oc-2(V^f C " KA )^C^A^(9)d 3 xdT 

+ f t2 [ \L^N*^ KX T KX ^ 0C + jNP^ x T Cv ^Jw\q)d 3 xdr^ 
Proof. It follows from ( |8.3.2| > that if e is sufficiently small, we have that 



(12.2.2) 2 w(q) < j° h ,r) < mMl)- 
Using ( |8.3.3| > and the divergence theorem, it follows that 

(12.2.3) f j° h , J r ) d 3 x + \ f U ' f w'(q)(a 2 + p 2 + & 2 )d 3 xdr 

= L J (h,F) d x 

- w(q){F 0r ,r - (V^h^T^ - (V»h KX )t^t 0X + ^(V t h KX )T^T^)d 3 xdT 

- f t2 f w\q){-L^ K t KC t£ -L^h KX t^t 0X -\h KX f K ^ 

- £ w\q){L, l N*^ x T KX T^ + \N*^ x T Cv T KX }d 3 xdT, 
which, with the help of ( |12.2.2| i, implies ( |12.2.1| >. 



□ 



We now recall the analogous lemma proved in 1LR10 I for solutions to the inhomogeneous wave equation in curved spacetime. 

Lemma 12-2. |LR10 Lemma 6.1] (Weighted energy estimates for a scalar wave equation) Assume that the scalar-valued function 
cf> is a solution to the equation n g (j> = 3, and let H^ v = (g^ 1 )^ - (m -1 )^ . Assume that the metric g^ is such that \H\ < |. Then 

(12.2.4) f \V(t)\ 2 w(q)d 3 x + 2 f \V(j)\ 2 w' (q) d 3 x dr 

JT. t2 Jt! JT, T 

<4 f \v4>\ 2 w(q)d 3 x + 4 f t2 f h K V t <F '• + (V^ A )(V A 0)(V^) -l(V t H XK )(V x cf ) )(V^)\ W (q)d 3 xdT 
+ 4 f t2 f UwjH* - i/ OA )(V t 0)(VA0) + l -H XK (V x ^)(V^)\w'{q)d 3 xdr. 



L K H« 
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□ 

We now extend the results of the previous lemmas by estimating (under assumptions that are compatible with our global stability 
theorem) some of the cubic terms on the right-hand sides of ( |12.2.1| i and ( |12.2.4| i. 

Proposition 12-3. BLR10I extension of Proposition 6.2] (Weighted energy estimates for the reduced equations) Let cf) be a solution 
to O g (j) = 3 for the metric g^, and let '= (g^ 1 )^ - (mT 1 ) 111 ' . Let y and \i be positive constants satisfying the restrictions 
described in Section 2.14 Assume that the following pointwise estimates hold for (t, x) e [0, T) 

(12.2.5a) 
(12.2.5b) 



»3 . 



+ + \VH\ LL + \vH\<Ce{l + t+\q\y\ 

(l + kl)" 1 ^ + IVifl^CeCl + t + lgir^Cl + Mr^Cl + g.)^, 



where q_ = if q > and g_ = \q\ if q < 0. Then there exists a constant C\ > such that if0<e< gr, then the following integral 
inequality holds for t e [0, T) : 



(12.2.6) 



f \Vcj)\ 2 w(q)d 3 x + f f \S7cj)\ 2 w'(q)d 3 xdT 
Js t Jo Js T 

<8 f \V^\ 2 w{q)d 3 x + 16 f* f ( C£ \ V<t) \ 2 +\l\\SJ4>\)w{q)d 3 xdT. 
Js n Jo Js T v 1 + r ' 



Furthermore, let f^ v be a solution to the electromagnetic equations of variation ( |8. 1 . 1 a[ > - ( |8.1.1b| l corresponding to the back- 



ground (Jlnvi^Fuv)': where h„u = g„ v - m^ v . Assume that the following pointwise estimates hold for (t, x) e [0, T) 



P 3 . 



(12.2.7a) 
(12.2.7b) 



(1 + Mr>l££ + WHcC + WH + \F\<Ce(l + t + \q\)-\ 

(i + M)->| + |vft| + |vJ-|<c £ (i + t + M)- 1 / 2 (i + M)- 1 / 2 (i + g _)" 



where q- = if q > and g_ = \q\ if q < 0. Then there exists a constant C\ > such that if0<e< ^r, then the following integral 
inequality holds for t e [0, T) : 

(12.2.8) / \T\ Z w(q)d 3 x + / / (\F\cAf + \F\tt) w ' (l) d 3 xdr 

< f \T\ 2 w{q)d 3 x + e f* f ^^w(q)d 3 xdT + f 1 f \T {)K T\w{q)d 3 xdT. 
jy.0 Jo J£ T 1 + t Jo Js t 



Remark 12.1. Proposition 12-3 will not be used until the proof of Theorem[TJ where it plays a key role; see Section 16.2 



remark that the hypotheses of the proposition are implied by the hypotheses of the theorem; see Section 2. 14 and Remark 



We also 



6.1 



Proof. Inequality ( |12.2.6| > was proved as Proposition 6.2 of BLR 1011 . Their proof was based on using Lemma [1 1-1 1 1 to estimate the 
inhomogeneous terms on the right-hand side of ( |12.2.4| i. Rather than reproving this inequality, we only give the proof of ( |12.2.8| l, 
which is based on ( |12.2.1| > and uses related ideas. 

We commence with the proof of ( |12.2.8| l, our goal being to deduce suitable pointwise bounds for some of the terms appearing 
on the right-hand side of ( |12.2.1| i. For the cubic terms, we use Lemma [l 1-12| the hypotheses of the proposition, and the inequality 
\ab\ < a 2 + b 2 to conclude that 



(12.2.9) 
and 

(12.2.10) 



<(|V^ + |V/>|)|j-| 2 + \Vh\\T\(\T\cM + \T\rr) 

^(l + t + M)- 1 !^! 2 + e(l + \q\y\l + q -y 2 *{\T\ 2 c ^ + \T\ 2 rr ) 



kX^C^o C + L^h KX P^ QX + -h KX T K M 



<\h\cc\F\ 2 + \h\\T\(\f\cN + \f\TT) 

< £(1 + M)( l +t+M) -l|j-|2 + 6(1 + ^)^(1^ + 1^). 

For the higher-order terms, we use ( |3.7.2h| i, the hypotheses of the proposition, and the inequality \ab\ < a 2 + b 2 to deduce that 
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(12.2.11) 



and 



(V^f KkA ) ? kX F % - -(VtN*^)^, 



>V*(\(h,f)\\(Vh,VF)\)\Ff 



iLpN* KkX T kX Toe + ^N A 



< £(1 + M)( i + f + Mr i|j-|2. 



(12.2.12) 

Inserting ( |12.2.9| l - ( |12.2.12[ ) into the right-hand side of ( |12.2.1| i, and using ( |12.1.2| i, we have that 
(12.2.13) 

f \T\ 2 w{q)d?x + f* f {\T\ 2 cN +\T\ 2 TT )w'{q)d\dr 

<C [ \T\ 2 w(q)d 3 x + C x e P [ IP^w(q) + (\T\l^+\Tf TT )^l\d 3 xdT + C F f \T^T\w{q) d z xdr 
JY.Q Jo Js T I 1 + T r J J° Js r 



Now if Cie/y is sufficiently small, we can absorb the C\e f£ / s {(l-^liLv + I-^Itt) ~ ' } ( ^' x ^ T term on ^ e rl ght-hand side of 
( |12.2.13| l into the second term on the left-hand side at the expense of increasing the constants C. Inequality ( |12.2.8| l thus follows. 

□ 

13. Pointwise Decay Estimates for Wave Equations in a Curved Spacetime 



In this section, we state a lemma and a corollary proved in [LR10|. They allow one to deduce pointwise decay estimates for 
solutions to inhomogeneous wave equations (e.g., for the h^J). The main advantage of these estimates is that if one has good 
control over the inhomogeneous terms, then the pointwise decay estimates provided by the lemma and its corollary are improvements 



over what can be deduced from the weighted Klainerman-Sobolev inequalities of Proposition B-l In particular, the lemma and its 



corollary play a fundamental role in the proofs of Propositions 15-5 and 15-6 



Remark 13.1. The Faraday tensor analogs of Lemma 13-1 and Corollary 13-2 are contained in the estimates of Proposition 11-5 



More specifically, the analogous inequalities would arise from integrating (in the direction of the first-order vectorfield differential 
operators on the left-hand sides of the inequalities) the inequalities in the proposition. We will carry out these integrations in Section 
15 which will allow us to derive improved pointwise decay estimates for the lower-order Lie derivatives of the Faraday tensor 
(improved over what can be deduced from the weighted Klainerman-Sobolev inequality ( |1.2.10[ )). 



13.1. The decay estimate weight function ru(q). As in 1ILRT0I . our decay estimates will involve the following weight function 
w(q), which is chosen to complement the energy estimate weight function w(q) defined in ( |12.1.1| i: 



(13.1.1) zu = w(q) 



(1 + |<7|) 1+Y \ if g > 0, 
+ if<?<0, 



where < 6 < \i' < 1/2 - \i and < y' < y - 6 are fixed constants. Its complementary role will become apparent in Section 15 



13.2. Pointwise decay estimates. We now state the lemma concerning pointwise decay estimates for solutions to inhomogeneous 
quasilinear wave equations. 

Lemma 13-1. 1LR10I Lemma 7.1] (Pointwise decay estimates for solutions to a scalar wave equation) Let (j)be a solution of the 
scalar wave equation ( |13.2.1[ ) 

(13.2.1) n g( j) = 3 

on a curved background with metric g^. Assume that the tensor H^" = (g^ 1 )^ - (m~ 1 )^ 1 ' obeys the following pointwise estimates 

(1 + ty 1 \\H(t, -)\\ L ^ Dt) dt<-, \H\cr < e\l + t + \x\r\l + \q\) 
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in the region 

(13.2.3) D t = {x:t/2<r< 2t) 



for t e [0, T). Then with oc =' max(l + y', 1/2 - |x'), the following pointwise estimate holds for (t, x) e [0, T) ~ "' 



(13.2.4) (1 + 1 + |g|)tJ7(g)| V0| < sup £ V^(r, •) || 

+ ' 



^_ o £'a|n7( g )V0(r,-)|| ioo dr + J (I + r) \\w(q)J(T, -)\\ l ^ (Dt) dr 
^ E( 1 + ^) _1 |h(9)V^(r,-)| L . (I , dr. 



+ ' 



□ 

We now state the following corollary, which provides similar decay estimates for the null components of tensorial systems of 
wave equations. 

Corollary 13-2. MLR 1 01 Corollary 7.2] (Pointwise decay estimates for solutions to a system of tensorial wave equations) Let (p^ 

be a solution of the system 

(13.2.5) S g </v = J^u 

on a curved background with a metric g^ v . Assume that the tensor d - (g 1 )^ -( m~ 1 ) ^ obeys the following pointwise estimates 

(13.2.6) |ff|<~ fJil + ty^Hit^W^^dtKe', |ff|£r<^(l + t + M)^(l + M) 
in the region 

(13.2.7) D t = {x : t/2 < \x\ < 2i) 

for t e [0, T). Then for any U,V e {£, T, Af} and with tx d = max(l + y', 1/2 - the following pointwise estimate holds for 
(t,x) e[0,T)xK 3 : 

(13.2.8) (l + t+\q\)m(q)\V<f>\ uv < sup £ \w{q)y I z <t ) (t,x)\ 

+ f e!oi\w(q)\V<l>{T,-)\uv\ L „dT + + T)\\w(q)\3(T,-)\uv\\ Lx(DT) dT 

+ E P (l + ry^iq^ir,-)!^ dr. 

\I\<2 Jt=0 y T ' 

□ 

14. Local Existence and the Continuation Principle for the Reduced Equations 

In this short section, we state for convenience a standard proposition concerning local existence and a continuation principle for 
the reduced equations ( |3.7.1a[ ) - ( |3.7. lc| >. The continuation principle shows that an a-priori smallness condition on the energy of the 



solution is sufficient to deduce global existence. It therefore plays a fundamental role in our global stability argument of Section 16 



Proposition 14-1. (Local existence and the continuation principle) Let (/i^V^o, d t h}^} |t=o,-7>i/|i=o), (M> v = 0, 1,2,3), be initial 
data for the reduced equations ( |3.7. la[ > - p.7.1c| i constructed from abstract initial data (A^ , Kj^^j, Q3j), (j,k = 1, 2, 3), on the 



manifold K 3 satisfying the constraints ( |4.1.1a| l - ( |4.1.2b[ ) as described in Section 4.2 Assume that the data are asymptotically flat in 
the sense of ( |1.0.3a| l - ( |1.0.3f| ). Let i > 3 be an integer, and let y > 0, \x > be constants. Assume that Ei :y (0) < e, where £^ ; y (0) 
is the norm of the abstract data defined in ( |10.0.3| ). Then if e is sufficiently sma/j^j these data launch a unique classical solution to 
the reduced equations existing on a nontrivial maximal spacetime slab [0, T max ) x R 3 . The energy Eiyy-ySf) of the solution, which 
is defined in ( |1.2.7| l, satisfies E^y^ifS) < e and is continuous on [0, T max ). Furthermore, either T max = oo, or one of the following 
two "breakdown " scenarios must occur: 



'This smallness assumption ensures that the reduced data lie within the regime of hyperbolicity of the reduced equations. 



66 



Jared Speck 

(i) lim nTmax £i- y -^(t) = oo. 

(ii) The solution escapes the regime of hyperbolicity of the reduced equations. 



Remark 14.1. The classification of the two breakdown scenarios is known as a continuation principle. 



The main ingredients in the proof of Proposition 14-1 are Lemma 12-1 and Lemma 12-2 which provide weighted energy estimates 
for linearized versions of the reduced equations. Based on the availability of these estimates, the proof is rather standard, and we 
omit the details. Readers may consult e.g. HHor97l Ch. VI], |Maj84| , llSH98l . | |Sog08| , (Spe09b), and | |Tay97| Ch. 16] for details 
concerning local existence, and e.g. |Spe09a] for the ideas behind the continuation principle. 



15. The Fundamental Energy Bootstrap Assumption and Pointwise Decay Estimates for the Reduced 

Equations 

In this section, we introduce our fundamental bootstrap assumption ( |15.0.1| > for the energy of a solution to the reduced equations. 
Under this assumption, we derive a collection of pointwise decay estimates that will play a crucial role in the proof of Theorem [T] 
In particular, these decay estimates are used to deduce the factors (1 + r) _1 and (1 + r)~ 1+Ce in ( |16.2.9| l, which are essential for 
deriving the bound ( |16.1.8| l. Many of the estimates we derive in this section rely upon the wave coordinate condition. 

We recall that the spacetime metric g^ v is split into the pieces g^ v = m^ v + h/jj$ + h^J , and that the energy £^ ;T; |x(i) (see ( |1.2.7| >) is 
a functional of (h' 1 ' , T) . Our main bootstrap assumption for the energy is 



(15.0.1) £ f . y ,^{t)<e{l + tf, 

where < y < 1/2 is a fixed constant, 6 is a fixed constant satisfying both < 5 < 1/4 and 0<6<y, 0<jj.< 1/2 is a fixed 
constant, (all of which will be chosen during the proof of Theorem[2]), and e is a small positive number whose required smallness is 
adjusted (as many times as necessary) during the derivation of our inequalities. With the help of ( |6.5.22| i, inequality ( |15.0.1| l implies 
the following more explicit consequence of the energy bootstrap assumption: 

(15.0.2) £ ||«; 1/2 (g)Vv£/i (1) || L2 + |^ 2 ( g )£^| i2 <C e (l + t) s . 

\i\<e 

In the remaining estimates in this article, we will also often make the following smallness assumption on the ADM mass: 



(15.0.3) M<e. 

15.1. Preliminary (weak) pointwise decay estimates. In this section, we provide some preliminary pointwise decay estimates that 
are essentially a consequence of the weighted Klainerman-Sobolev inequalities of Appendix|B] Unlike the upgraded pointwise decay 
estimates of the next section, these estimates do not take into account the special structure of the reduced equations under the wave 
coordinate condition. 

We begin with a lemma concerning pointwise decay estimates for the Schwarzschild tail of the metric and its derivatives. 

Lemma 15-1. (Decay estimates for h^) Let be as in \\.2.\c) , and let I be any V -multi-index. Then the following pointwise 
estimate holds for (t, x) e [0, oo) x R 3 : 

(15.1.1a) |vV 0) | < CM(l + t + \q\)- 1+W , 

where M is the ADM mass. 

Furthermore, if I is any V -multi-index and J is any Z -multi-index, then the following pointwise estimate holds for (t,x) 6 
[0,oo) xR 3 : 

(15.1.1b) |V 7 V|/i (0) | + Iviv'h^lKCMil + t+lqiy 1 ^. 

Remark 15.1. Since = -hffl (where H^. is defined in ( |11.1.2| >), the above estimates also hold if we replace with i/( ) . 

Proof. The lemma follows from simple computations using the definition ( |4.2.1| i of the cut-off function %, the definition of , and 
the definitions of the vectorfields Z € Z. □ 
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Corollary 15-2. BLRIOI Slight extension of Corollary 9.4] (Weak pointwise decay estimates) Let I > 8 be an integer. Assume that 
the abstract initial data are asymptotically flat in the sense of ( |1.0.3a| > - ( |1.0.3f| >, that the ADM mass smallness condition ( 15.0.3[ ) 
holds, and that the initial data for the reduced system are constructed from the abstract initial data as described in Section |4^2] Let 
(9nv d = iTifiL' + + i Fpiv ) be the corresponding solution to the reduced system ( |3.7.1a[ ) - ( |3.7. lc[ > existing on a slab (t,x) e 
[0,T) x IR 3 , where hS 1 ^ is defined in \\.2.Vo\ . Assume in addition that the pair (h^^T) satisfies the energy bootstrap assumption 
( |15.0.1| l on the interval [0, T) . Then if e is sufficiently small, the following pointwise estimates hold for (t, x) e [0, T) x Mr : 

(15 12a) IVV'/^I + \C I T\<{ Ce{l + t + \q\Y\l + t)\l + \q\)^\ ifq>0, 

(15.1.2a) \VV z h | \L Z T\<< cre(1 + t + M) -i (1 + t) 6 (1 + ^-i^ ifq<0 ^ 



\I\<i-2, 

[h|lhl , , tl , , ! Ce(l + t + \ q \)- 1+& (l + \q\)-y, ifq>0, 

(15.1.2b) \V z h^\<\ Ce(1 + t+M) -i + 6 (1 + M) i/ 2) ifq<Qi , 



(15.1.20 iwi/a + ( i + m)iv^iJ , m^. 



Ce(l + t + \q\)-™(l + \q\) 1 / a , ifq<0 

In addition, the tensorfield H^X defined in ( |1 1.1. 2| > satisfies the same estimates as h^J. Furthermore, if we make the substitution 

y -*■ 5 in the above inequalities, then the same estimates hold for the tensorfields hffl , h^ v d = hffi + h$ , Hiq-s^ d = -hJ^J , 
H »v *g{ g -lyv _ ( m -l)^ ) and d g H ^ - 

Proof. This Corollary is a slight extension of Corollary 9.4 of |LR10], in which estimates for = --ffro) i and h were proved. 
The main idea in the proof is to use the weighted Klainerman-Sobolev estimates of Proposition B-l under the assumption ( |15.0.2| i, 
together with the decay ( |1.0.3c| > - ( |1.0.3f[ ) of the initial data at oo. The estimates for T follow from the arguments of BLR 101 Corollary 
9.4], while the estimates for Hm\ and H follow from those for h' 1 ^ and h together with ( |3.3.12a| i. □ 

The next lemma uses the weak decay estimates to provide algebraic estimates for the Schwarzschild tail term \J z U g h^ appearing 
on the right-hand side of ( |3.7. la| >. 

Lemma 15-3. QLR10I Lemma 9.9] (Pointwise decay estimates for V z n g h^) Let hS ^ be the Schwarzschild part ofh as defined in 
( |1.2.1c| l, and assume the hypotheses/conclusions of Corollary \l 5-2] Let I be a Z-multi-index subject to the restrictions stated below. 
Then if e is sufficiently small, the following pointwise estimates hold for (t,x) 6 [0,T) x IR 3 , where M is the ADM mass: 

(1513a) lv J S h {t)) \<l CM£ ( 1+t + \l\y i+& ( 1 + \ < l\y & ' ITff>0, ,, 

(15.1.3a) \y z n g h |<j c . M(1 + t+ | g |)-3 ) ifq<0) , WZ* l - 

Furthermore, the following pointwise estimates also hold for (t, x) e [0, T) x M 3 : 

d5.i.3b) iviM 0) u{cS(^Jo^' ^V<°o +CM Z ( 1+t+ \*\r 3 \^ {1) i mt- 

Proof. We first observe that U g h^ = U m h^ + H KX S7 K S7\h(°\ where D m d = (m _1 ) KA V K VA is the Minkowski wave operator. 
Using ( |15.1.1b| i, the definition of bS ^ , the Leibniz rule, and the fact that □ m (l/r) = for r > 0, it follows that 

(15.1.4) \y z n m h^\ <Af(i + ; + |(7|r 3 xo(i/2<r/;<3/4), 

(15.1.5) WUH^nVxh^l^Mil + t + lql)- 3 £ |v£ff|, 

\J\z\i\ 

where xo(l/2 < z < 3/4) is the characteristic function of the interval [1/2,3/4]. Furthermore, using that H = -h^ - hS 1 ^ 1 + 
O°°(|/i (0) + /i (1) | 2 ), it follows that 

(15.1.6) £ IviHlSeCl + t+M)" 1 + E |V^ (1) |- 

J|<|/| |J|<|7| 

Using ( |15.1.5| ), ( |15.1.6| l, and the estimate ( |15.1.2b| i, we have that 

(15.1.7) \V Z (H V R V x h )|<| Me(1 + t+M) -4 +S(1 + M) i/ 2) if(?<0j > \I\<e~2, 
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(15.1.8) 



\V I z {H KX V K Vxh {0) )\<Me{l + t + \ q \y i + Me{l + t + \q\)-* £ |V^ (1) 



\I\<1 



|J|<l-f| 



Inequalities ( | 1 5 . 1 . 3 a| > and ( |15.1.3b| i now easily follow from the above estimates. 



□ 



15.2. Initial upgraded pointwise decay estimates for \C z J-\cm and \C z J-\-tt- In this section, we prove some upgraded point- 
wise decay estimates for the "favorable" components of the lower-order Lie derivatives of T . Our estimates take into account the 
special structure revealed by our null decomposition of the electromagnetic equations of variations, a structure that was captured by 



Proposition 11-5 and that depends in part upon the wave coordinate condition. We remark that in Section 15.3 some of these decay 



estimates will be further improved (hence our use of the term "initial upgraded" here). 

Propositi on 15 -4. (Initial upgraded pointwise decay estimates for \C z T\cu and \£} z T\t-t) Assume the hypotheses/conclusions of 
Corollary 15-2 Then if e is sufficiently small, the following pointwise estimates hold for (t, x) € [0, T) x K 3 : 



(15.2.1) 



\L z T\ch + \CzF\tt < 



Ce(l + t + \ q \)-^(l + \ q \)-^\ ifq>0, 
CeCl + i+Mr^Cl + M) 1 / 2 - 6 , ifq<0, 



\I\ <£-3. 



Proof. Since \C z T\cm + \L z T\rr\ ~ \ a [^-z^]\ + \p[^-z^]\ + Wi^-z^ 7 ]], it suffices to prove the desired decay estimates for 
^[^z-^ 7 ]!' IpC^z-? 7 ]!' an d kC^z-T 7 ]! separately. We provide proof for the null component a[C z J-]. The proofs for the components 
plCgJ 7 ] and alC^J 7 ] are similar, and we leave these details to the reader. Let W = f {(t, x) ■ \x\ > 1 + 1/2} n {(i, x) ■ \x\ < It - l} 
denote the "wave zone" region. Then for (t, x) i W, we have that 1 + 1<7| ~ (l + t+ \q\). Using this fact, for (t, x) £ W, we can bound 
|«[jC^ J?-"] I by the right-hand side of ( |15.2.1| > by using the weak decay estimate ( |15.1.2a[ ). 

We now consider the case (t, x) e W. Let / = f r~ x ct\tl z T\ Then using ( |1 1.1.13b) , the fact that r » (1 + t + \q\) » (1 + s + \q\) on 
W, and the weak decay estimates of Corollary 15-2| it follows that (with d q defined in Section 2.7 1 



(15.2.2) 



\d q f(t, 



e(l + s + Mr 3+5 (1 + |*z| ) 1 — ^ + e(l + s + Mr 3+25 (1 + \q\y 2 ~ 2y , 
e(l + s + \q\)- 3+b (l + \q\Y 112 + e(l + s + M)- 3+2S (l + \q\)-\ 



if q>0, 
if q<0. 



Let (T(q'),y(q')) be the q' -parameterized line segment of constant s and angular values that initiates at (i, x) and terminates at 
the point (to,Xo) which lies to the past of (t, x) and on the boundary of W. Let q, s be the null coordinates corresponding to (t, x). 
Then the null coordinates corresponding to (to,2o) are 9o = s/3 - 2/3, so = s. Integrating the inequality ( |15.2.2[ ) along this line 
segment (i.e., integrating dq'), we have that 



(15.2.3) |/(t,x)|<|/(t ,z )| 

V^/a-a/sj" e(l + s+|g'|)- 3+5 (l + |g'|)- 1 -^ + e(l + s + \q'\)- 3+2& (l + \q'\y 2 ' 2y , 
e(l + s+ \q'\y 3+5 (l + W\Y 112 + e(l + s + |<z'ir 3+26 (l + Ig'l)" 1 , 

e(l + s)- 3+6 (l + |g|)-T + e(l + s)- 3+25 (l + Iqiy 1 ^, if q> 0, 
e(l + S y 3+& (l+\q\y/ 2 + e(l + s)- 3+26 ln(l + |g|), if g < 0. 



Jq'=q 

<|/(to,zo)| + 



if g' >0, 
if g' <0, 



dq 



that 



Using the facts that ro « 1 + \qo\ » 1 + to + \qo\ « 1 + sq + \qo\ « 1 + s, together with the weak decay estimate ( |15.1.2a| i, it follows 



(15.2.4) 



|/(t ,z )|<£(l 



+ s 



-3-Y+6 



Combining ( |15.2.3) and ( |15.2.4) , and using the fact that 1 + s « 1 + 1 + \q\, it follows that \a[£ z J-(t, x)]\ is bounded from above by 
the right-hand side of ( |15.2.1[ ). This completes our proof of ( |15.2.1| > for the ol\L z T\ component. 

□ 

15.3. Upgraded pointwise decay estimates for Iv^ft-I, \C Z F\, and fully upgraded pointwise decay estimates for \C!?T \cm, 

\C z T\tT' In this section, we state two propositions that strengthen some of the pointwise decay estimates proved in sections 



15.1 



and |15.2| Their proofs, which are provided in sections 15.4 and 15.5 are based on a careful analysis of the special structure of 
the reduced equations and in particular rely upon the decompositions performed in Section 1 1 which rely in part upon the wave 
coordinate condition. These estimates play a central role in our derivation of the "strong" energy inequality ( |16.1.8| l, which is the 
main step in the proof of our stability theorem. 
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Proposition 15-5. |LR10 Extension of Proposition 10.1] (Upgraded pointwise decay estimates for T and certain components of h, 

V/i, and V z h) Ass ume that the abstract initial data s atisfy the constraints ( |4.1.1a| l - ( |4.1.2b I, and assume the hypotheses/conclusions 
of Corollary 



15-2 



In particular, by Proposition 4-2 the wave coordinate condition ( 3. 1 . 1 a I holds for (t,x) € [0,T) x R 3 . Then if e 
is sufficiently small, for every vectorfield Z e Z, the following pointwise estimates hold for (t, x) e [0, T) x M 3 : 



(15.3.1a) 

(15.3.1b) 

(15.3.2a) 
(15.3.2b) 



\Vh\cr + \Wzh\cc < 
\h\cr + \Vzh\cc < 



Ce(l + t + \ q \)- 2+& (l + \q\r & , ifq>0, 
C^l + t + Mr^l + M) 1 / 2 , ifq<0, 

Ce(l + t+\q\)-\ ifq>0, 
Ce(l + t + \q\y\l + \q\y^, ifq<0, ' 



\Vh\ TM <Ce(l + t + \q\r\ 

\Vh\ < Ce(l + t + Mr^l + ln(l + <)}, 



(15.3.3) <C£(l + t+|g|) _1 . 

Furthermore, the same estimates hold for the tensorfields hffi , h^l ?, H^ v d = (g~ 1 ) t * 1 ' - (m -1 )^", H^., and HfiK . 

Proposition 15-6. BLR 101 Extension of Proposition 10.2] (Upgraded pointwise decay estimates for the lower-order derivatives of 

h and T) Under the assumptions of Proposition 15-5 let < y' < y - 5 and 0<5<(_l'<1/2 be fixed constants. Let I be any 
Z-multi-index subject to the restrictions stated below. Then there exist constants M k , C k , and e k depending on y', 5 such that if 
e is sufficiently small, then the following pointwise estimates hold for (i, x) e [0, T) 

(15.3.4a) |VV2/i (1) | + \C Z T\ < 



»3 . 



C k e(l + t+\q\)- 1 + M '" ! 0. + \q\r 1 ^ , 
C k e(l + t+\q\y 1+M ^(l + \q\)-V^\ 



ifq > 0, 
ifq < 0, 



fc<£-4, 



(15.3.4b) 

(15.3.4c) 

|VV^ (1) | 



Ivi/^l 



C k e(l + t + \q\r 1+MkS (l + \q\r Y , ifq>0, 
C fe e(l + t + |g|)" 1+A ^-(l + kl) 1 /^^', ifq<0, ' 



(l + \q\)\V£ z F\ + \C} z T\cn + \C 1 z?\tt< 



\I\ = k<£-4, 



C k e(l + t + \q\y 2+M ^(i + \ q \)-y\ 
CfceCl + t + lgD-^^^l + M) 1 / 2 ^' 



ifq > 0, 
ifq < 0, 



\I\ = k<£-5. 



Furthermore, the same estimates hold for h^ v = g^ v - and H^" = (g 1 y 



15.4. Proof of Proposition 15-5 

follow easily from those for h uv , ( |3.3.12a| i, and Lemma 15-1 



(to )'"' if we replace y' with M k £. 
(o) ,(i) 



We only prove the estimates for and T^v . The estimates for h)?J , li^J , , , and 



15.4.1. Proofs of ( [15.3.1a) and ( |15.3.1b| ). To prove ( |15.3.1a| i and ( [15.3.1b) , we will argue as in Lemma 10.4 of MLR 1011 ; we first 
provide a lemma that establishes a more general version of the desired estimates. 

Lemma 15-7. [LR1 Lemma 10.4] (Pointwise estimates for \W z h\cc, \S7V z h\cTi an d \V z h\cT) Under the hypotheses 

of Proposition 



15-5 



ifk < £ - 3 and e is sufficiently small, then the following pointwise estimates hold for (i, x) e [0, T) 



(15.4.1) 



(15.4.2) 



E \W z h\cc + E |W^| cr < E |VVf/i| + 

\I\<k \.J\<k-l \K\<k-2 



absent if k = absent ifk<\ 



E WzHcc + E IviHcr* E f 

\K\<k-2 J B-\ X 



Q=\x\ + t 



W z h\(t + \q\ - q, qx/\x\) dg 



£(1+t+M) -2 + 2 5(1 + M) -26 ; 

e(l+t + \q\y 2+2& (l + \q\y/ 2 - & , 



e(l + t+\q\Y 



\I\<k 



\J\<k-l 



ifq>0, 
ifq<0, 



ifq>0, 



£( l + i+M) -i(l + M) i/2 + 6 ; ifq<Q _ 



absent ifk = 



absent ifk < 1 



Furthermore, the same estimates hold for the tensor H^ 1 " = (g l y v - (m 1 y u . 
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(15.4.3) 



£|vvi4c £ + £ Ivv^LctS E |vv£/i| + £ |vv£fc| + E lv£fc||vv§/i|. 

-Ti| + |-f2|<fc 



l.7l<fc-l 



ffk/t-2 



,7|</c 



absent if k = absent if k < 1 



By Corollary 1 15-2| we have that 
(15.4.4) E |VV£/1| + 



./|<fe 



y , , , £ (i + i + M)- 2+25 (i + M)- 25 , 



if g> 0, 
if g < 0, 



k<£-3. 



Combining ( |15.4.3| > and ( |15.4.4[ >, we deduce ( |15.4.1| i. Inequality ( |15.4.2[ ) follows from integrating inequality ( |15.4.1| i for \d q Vzh\ < 

Ivv^U 

dq), and using ( |15.1.2b[ ) at t = 



= f |x| - t, along the lines along which the angle u> = f x/\x\ and the null coordinate s = \x\ + t are constant (i.e. integrating 



The proofs of the estimates for follow from the estimates for h llVl ( |3.3.12a[ ), and Corollary 15-2 



□ 



Inequalities ( |15.3.1a| > and ( |15.3.1b| i now follow from inequalities ( |15.4.1[ ), ( |15.4.2| i, and the weak decay estimates of Corollary 

□ 

15.4.2. Proof of ( |15.3.3| ). Let W = {(t,x) : \x\ > 1 + t/2} n {(t,x) : |x| < 2i - l} denote the "wave zone" region. Note that 
r « 1 + t + \q\ « 1 + 1 + s for (t, x) e W. Now as in the proof of Proposition 15-4| inequality ( |15.3.3| > follows from the weak decay 
estimates of Corollary 15-2 if (t,x) i W. Furthermore, we have that \T\ « + + IpC-^ 7 ]! + l "^]!, ar, d by Proposition 

15-4| inequality ( |15.3.3) has already been shown to hold for \a[T]\ + \p[T]\ + rs \T\cN + \F\tt- 



It remains to prove the desired estimate for x)]\ under the assumption that (t, x) e W . To this end, we use ( |11.1.12| i, the 

weak decay estimates of Corollary 15-2 and Proposition 15-4 to deduce that if (t, x) e W, then 



(15.4.5) 



\V A (rg[F])\<e(l + t+\q\) 



-3/2+6 1 



+ e(l + t+\q\) 



-2+36 



where A =' L+^HllL.. Let (r(A), y(A)) be the integral curva 26 pf the vectorfield A passing through the point (t.x) = (t(Ai), y(Ai)) € 
W. By the already-proven smallness estimate ( |15.3.1b| i for Till, every such integral curve must intersect the boundary of W at a 
point (to, 2:0) = ( r (Ao), y(Ao)) to the past of (t, x). Furthermore, by ( |15.3.1b| i again, we have that « 1 along the integral curves, 

and for all (r,y) e W, we have that \y\ & r « 1 + |r| » 1 + |r| + ||y| - r|. We now set /(A) = f ||y(A)|a[j-'(r(A),?/(A))]|, integrate 

inequality ( |15.4.5| l along the integral curve (which is contained in W), use the assumption < 5 < 1/4, and change variables so that 
t is the integration variable to obtain 



/(A(t)) 



/(Ao) 



(15.4.6) \ra[T]{t,x)\ < \r Q a[F(t ,x )]\ + Ce * [1 + r(A)]" 2+36 dA + Ce [* [1 + r(A)]" 3/2+5 /(A)dA 

J A = A n J A = A 

<Ce + Ce [ T ~\l + T)- 2+3& dT + Ce (1 + t)- 3/2+& f(\o T )dr 

J T=to J T = t-Q 

■ r =t (l + r)- 3 / 2+ V(Aor)rfr, 

JT=t 



- A=Ai 



<Ce + Ce 



where we have used ( |15.1.2a| i to obtain the bound |roa[jF(to, a;o)] | ^ Ce for points (to, x$) lying on the boundary of W. Applying 
Gronwall's lemma to (115. 4.6b, we have that 



(15.4.7) 



\ra[T(t,x)]\ < Cecxp^Ce '(1 + T)" 3/2+6 drJ 

< Ceexp|ce^ T ~ t (l + ^) _3/2+5 ^J < Ce, 

from which it trivially follows that 

■^By integral curve, we mean the solution to the ODE system ^ = A°(r, y), ^jj = A J (t, y), (j = 1, 2, 3), passing through the point (t, x). 
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(15.4.8) 
as desired. 



\a[F(t, x)]\ < Cer- 1 < Ce(l + t + \q\y 



□ 



15.4.3. Proofs of ( |15.3.2a| i - ( |15.3.2b| i. In the next two lemmas, we will use the fact that the tensorfield h^ v = g^ v - m^ v is a 
solution to the system 



(15.4.9) n s V = ^> 

where the inhomogeneous term £j^„ is defined in ( |3.7.2f| >. 

Lemma 15-8. [LR10 Extension of Lemma 10.5] (Pointwise estimates for the f)^ inhomogeneities) Suppose the assumptions of 



Proposition 15-5 hold. Then if e is sufficiently small, the following pointwise estimates hold for (i, x) e [0, T) 



»3 . 



(15.4.10a) 
(15.4.10b) 



\^<Ce(l + t + \ q \)- 3 ' 2+& \vh\ + Ce(l + t + \ q \)- 5 ' 2+& , 

\f)\<Ce(l+t+\q\)- 3/2+& \vh\ + C\Vh\ 2 TJV + Ce 2 (l + t+\q\y 



Proof. Lemma [15^8] follows from Proposition [TL3] Corollary |15-2| Proposition [15^4] the already-proven estimate ( |15.3.3| l, and the 
assumption 0<5<l/4. □ 



Lemma 15-9. [LR10 Extension of Lemma 10.6] (Integral inequalities for | V/i|r./V and \Vh\) Suppose the assumptions of Proposi- 
tion 



15-5 hold. Then if e is sufficiently small, the following integral inequalities hold for t e [0, T) : 



(15.4.11a) (l + t)\\\Vh\ TM (t,-)\\ Lx <Ce + Ce £(1 + r)- 1/2+s | V/i(r,-)|^ dr, 

(15.4.11b) (l + t)\\vh(t,-)\\ Tx <Ce + Ce 2 ln(l + t) + Ce f\l + r)- 1/2+6 ||v/i(r,-)|| Tx dr 



Ce £{l + T)\\\Vh\ 2 TN {T,.)\\ L „dT. 



Proof. Fi rst ob serve that ( |15.1.2b| i and ( |15.3.1b| > (the version for the tensor H) imply that the hypotheses of Lemma 13-1 and 
Corollary 13-2 hold. Therefore, using the lemma and the corollary, with w(q) = f 1 and a = f 0, and noting that verifies the 
system ( |15.4.9| l, we have that 

(15.4.12) (l + t)\Vh\ T X< sup X IviMV)!^ + f (1 + t)\\\^\ tm \\ dr + £ f (1 + r)" 1 1| ^ z h\ dr. 

Using ( |15.1.2b| i (the version for the tensor h), we estimate the the first and third terms on the right-hand side of ( |15.4.12| i as follows: 



(15.4.13) 
(15.4.14) 



sup £ ||v^||,.^Ce(l + t)- 1 / 2+8 ^Ce, 

0<T<t 

(1 + r)- 1 ! V^| l . (Dt) dr < Ce f (1 + r)^ dr < Ce. 



To estimate the second term, we use ( |15.4. 10a] > to conclude that for x e D t , we have that 



(15.4.15) 



(l + f)|jo| TA f <Ce(l + t)- 1/2+5 |V/i| + Ce(l+t)- 3 / 2+& . 



Inequality ( |15.4.11a| > now follows from ( |15.4.12| > - ( [15.4.15) , and the fact that Ce / *(1 + T y 3 l 2+b dr < Ce. Inequality ( |15.4.11b| ) 
can be obtained in a similar fashion using ( 15.4. 10b) . 

□ 



To finish the proof of Proposition |15-5| we will use the following Gronwall-type lemma. 
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Lemma 15-10. ALR10I Slight modification of Lemma 10.7] (Gronwall lemma) Assume that the continuous functions b(t) > and 
c(t) > satisfy 

r t 

(15.4.16a) b(t)<Ce + Ce (1 + r)"^ c(r) dr, 

Jo 

(15.4.16b) c(t)<Ce + Ce 2 ln(l+t) + Ce f \l + r)- 1_a c(r) dr + C f (I + rY l b 2 (r) dr 

Jo Jo 

for some positive constants a, C such that e < and e < tj^jst- Then 



(15.4.17a) b{t) < 2Ce, 

(15.4.17b) c(t) < 2Ce{l + oln(l + t)}. 

Proof. We slightly modify the proof of 1LR101 Lemma 10.7]. Let T be the largest time such that the bounds ( |15.4.17a| i - ( |15.4.17b| ) 
hold. Then inserting these bounds into the inequalities ( |15.4. 16a) - ( | 15. 4. 16b) , and using the bound (and the change of variables 
z = f aln(l + t)) 

(15.4.18) / (l+T)" 1 " a {l + aln(l + r))dT< / (1 + a~ 1 z)e~ z dz = 2a 1 , 

Jt=0 Jt=0 

we deduce that the following inequalities hold for t e [0, T] : 

(15.4.19) &(t)<Ce{l + 4Cecr 1 }<2C£, 

(15.4.20) c(i) < Ce{l + 4Cea" 1 + (1 + 4C 2 )eln(l + t)} < 2Ce{l + aln(l + 1)}. 

Since the above inequalities are a strict improvement of the assumed bounds ( |15.4. 17a] > - ( | 15. 4. 17b) , we thus conclude that T 



15-9 



and 



15-10 



with bit) = (l + t)|||V/i|rv(t,0|| 



□ 



and 



To complete the proof of ( |15.3.2a| i - ( |15.3.2b| >, we apply Lemmas 

c(t) = f (1 + V/i(t, •) H^oo- Thi s implies ( |15.3.2a) - ( [15.3.2b) with (1 + t) in place of (1 + t + The additional decay in |q| in 
( |15.3.2a[ ) and ( |15.3.2b| i follows directly from ( |15.1.2a| i (the version for the tensor h). □ 



15.5. Proof of Proposition 15-6 We will prove the proposition using a series of inductive steps. We only prove the estimates for 
hfj}J and T^ v . The estimates for h^ v and H^ il/ follow easily from those for h^J , ( |3.3.12a| i, and Lemma 15-1 We first prove a 
technical lemma that will be used during the proof of the proposition. 



Lemma 15-11. (Pointwise estimates for the IV^-^I inhomogeneities) Suppose the hypotheses of Proposition 15-5 hold, and let fj M „ 



be the inhomogeneous term on the right-hand side of the reduced equation ( |3.7. la[ >. Then if I is any Z-multi-index with |/| < £, the 
following pointwise estimates hold for it, x) e [0, T) x R 3 : 



(15.5.1) 



|v^|<c £ £ (l+t + Mr^lvvi^i + iv^l) 



Ul<|/| 



+ c Y. (iw^Wl + I^^Oflwi^l + l^l) 

|A| + l-f2|<|/| 
|A|,|/2|<|/|-1 

+ C£ 2 ii + t + \ q \y 4 . 



Proof. Lemma 15-1 l| follows from ( |1 1.1.5c| i, ( |15.3.2a| i, ( |15.3.3[ ), Lemma 15-1 the weak decay estimates of Corollary |15-2| ( |15.3.2a| i 
and the fact that < 5 < 1/4. We remark that the C £ 2 il+t+\q\Y A term arises from the estimate |VV$/^ 0) ||VV$/i^| <C?(1 +t + \< 



□ 



We are now ready for the proof of the proposition. To prove ( |15.3.4a[ ) - ( |15.3.4c| i, we will argue inductively, using the inequalities 
in the case |/| < k to deduce that they hold in the case \I\ = k+ 1. We also remark that the base case k = is covered by our argument. 

Induction step 1: upgraded pointwise decay estimates for Iv^kd for \I\ = k + 1 and Iv^krl for \ J\ = k. 

As a first step, we will use the wave coordinate condition to upgrade the estimates for \ Vzh\cc for ]J| = fc + 1 and |V zHct f° r 
| J | = k. To this end, we appeal to inequality ( |15.4.2| i, using inequality ( |15.3.4a[ ) for h under the induction hypothesis to bound the 
integrand, to deduce that 
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(15.5.2) 



E WzMcc + E W J zh\cT< 



\I\=k+l 



\J\=k 



r(l + t+M)- 1+M ^ e (l + M)- 



e(l + t + M) 



-1+M fc _ie 



(i + M) 1/2+ ^', 



if q > 0, 
if g < 0. 



In the above estimates, the constant ji.' is subject to the restrictions stated in the hypotheses of Proposition 15-6 Furthermore, since 
H^ v = -h^ + 0°°(\h\ 2 ), fl!5.1.2b) implies that the same estimates hold for the tensor H. 

Induction step 2: upgraded pointwise decay estimates for \C Z T\, \I\ = k + 1. 

Let W = f {(*,af) : |x| > 1 + t/2} n : |x| < 2i- 1} denote the ' 'wave zone" region. Then for (t,x) i W, we have that 

1 + |g| rj 1 + t + \q\. Using this fact, for (t,x) i W, the w eak d ecay estimate ( |15.1.2a| i implies that inequality ( |15.3.4a| i holds for 
\L Z T\ in the case \I\ = k + 1. Furthermore, by Proposition 15-4 the inequality ( |15.3.4a[ ) holds for the null components ^[jC^J? 1 "] | , 
|p[>C^J"]|, and \o\CJ z T\ when \I\ = k + 1. 

It remains to consider \a^C I z J : {t, a;)] in the case (t, x) e W. Note that r « 1 + t + \q\ » 1 + t + s for (t, x) e W. We will make 



use of the weight vj{q) defined in ( |13.1.1| l. Using ( 1 1.1.13a) , Corollary 15-2 (the version for the tensorfield h), Proposition 15-4 
| [15.3.1b) , ( |15.3.3| l, the induction hypothesis, and ( |15.5.2| i, it follows that 

(15.5.3) 

E \v K {rw{q)a[L z F])\<Cs{l + t+\q\)~ l E \r^(q)a[C z T]\ + Ce(l + t + \q\Y^ + Ce 2 (l + i + M)- 1+Ce , 
|/|<fc+i |/|<fc+i 

where < a < min{|j/ - 6,y-5-Y'}isa fixed constant, and A = f L + ^HllL. Note the importance of the independent estimate 
15.3. lb| i for bounding the second, fourth, and fifth sums on the right-hand side of ( 11.1.13a) , and of the independent estimate 
15. 5. 2} (in the case |/| = k + 1) for bounding the third sum on the right-ha nd side of ([l_1.1.13a|). 



Let (r(A),y(A)) be the integral curve (as defined in Section 15.4.2 1 of the vectorfield A passing through the point (t,x) 



(t(Ai), y(Ai)) e W. By the inequality ( |15.3.1b| > for /ill, every such integral curve must intersect the boundary of W at a point 
(*Oj^o) = { T (^o),y(^o)) lying to the past of (t, x). Using ( |15.3.1b| i again, we have that § »1 along the integral curves, and in the 
entire region W, we have that \y\ » r » 1 + |r| » 1 + jr| + \\y\ - r|. Define /(A) = f S|z|<fe+i ||y(^)l ct7 (9(^))«[^i:^ r (' r (^), y(ty) 

where q(X) = \y(X)\- r(A). Note that /(Ai) = < fc+1 |rn7((7)a[>C2^ r ]|, where q = f g(Ai) = |x] - 1, while the weak decay estimate 
( |15.1.2a[ ) implies that f(\o) < Ce. Integrating inequality ( |15.5.3[ > and changing variables so that r is the integration variable, we 
have that 



(15.5.4) 

/(A°t) 



/(A x )</(Ao) + Ce [ X ~~ Xl [l + T(X)]- 1 f(X)dX + Ce [1 + r(X)p 1+a Ux + Ce 2 [" M [1 + t(X)]~ u 

•J X=Xq ~J X=Xq j A = A q 

<Ce + Ce [ X ~ X \l + T(X)]- 1 f(X)dX + Ce [ T ~\l + T )- (1+a) dr + Ce 2 (I + r)- 1+Ce dr 

J X=Xq J T=t() J T=Iq 

<Ce(l + t) Ce + Ce f T \l + T)- 1 f(Xo T )dT. 

Jr=t 

Applying Gronwall's lemma to ( |15.5.4| i, we have that 



-A=Ai 



•A=Ai 



Ce 



dX 



Ai 



(15.5.5) 



f(Xot)< Ce(l+tf £ exp(Ce JJ~ (1 + r) -1 dr) dr 

<Ce(l+t) 2CE , 
from which it easily follows that for (t, x) e W, we have that 



(15.5.6) 



E |a[£^|^Ce(l + *)- 1+2Ce tJ7- 1 («). 



/|<fc+i 



Combining ( |15.5.6[ ) and the previous arguments covering (t, x) £ W and the other null components of C Z T, we have shown that the 
estimate ( jl5.3.4al > holds for \L Z T\ in the case 1/1 = k + 1. 



Final induction step: upgraded pointwise decay estimates for jw^l and |vjr/i|, \I\ = k + 1. 
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Our first goal is to prove the following estimate in the case \I\ = k + 1 : 



(15.5.7) |B S V^)|< £ (l+t +M nvvf/a + { ^VtVjioC 5(1 + l9l) " 6 ' i^o! 



e 2 (l + * + |g|)- 2+2MfcE (l + \q\y 2 - 2Mk£ , if q > 0, 
e 2 (l + i + |g|)- 2+2M * E (l + \q\y 1+2 ^', if 9 < 0. 

To prove ( |15.5.7| l, we first recall Corollary |1 1-7 which states that 



(15.5.8) 

|B 9 V^ (1) | < \¥ 2 Si\ + |V^H fl /i<°>| + (1 + f + Mr 1 E Ivi^lVVf h^\ 

\K\<\I\ 
\J\+QK\-l)+<\I\ 

(15.5.9) + (i + M)" 1 E |wf/i (1) |{ E |v^U £ + E \^h\ ct+ E Ivfffl 

|if|<|/| [|J| + (|K|-1) + \J'\ + (\K\-1) + |J"| + (|if|-l) + 

<\I\ <\I\-1 Sl-TI-2 



Absent if |i| = Absent if \I\ < 1 or \K\ = \I\ 
where (\K\ - 1) + = f if |if| = and (\K\ - 1) + d = |if| - 1 if |if| > 1. We first bound the terms from line ( [15.5.9) , considering 



separately the cases \K\ < \I\ and \K\ = \I\ = k + 1. For \K\ < \I\ = k + 1, we use ( |15.5.2| ) (for the tensorfield ii) and < [15.3.4b) (for the 
tensorfield H) under the induction hypotheses to conclude that 

(15.5.10) (1 + Mr 1 E (\VzH\cc + \V J zH\ct + |v£'fT|) 

|.7|<fe+l,|.7'|<fc,| J"\<k-1 

e(l + 1 + \q\)- 1+AIk£ (l + M) -1- ^, if q > 0, 



e(l + 1 + |g|)- 1+Mfc£ (l + |<7|)- 1/2+ ^', if g < 0. 

Also using ( |15.3.4a[ ) under the induction hypotheses to bound IVV^/i^l, it follows that all of the terms from ( |15.5.9| l in the case 
| if | < |i| can be bounded by the last term on the right-hand side of ( |15.5.7| i. 

We now consider the case \K\ = |i| = k + 1. Since \ J\ < 1 and \ J'\ = in this case, we can use ( |15.3.1b| i (for the tensorfield H) to 
deduce the bound 

(15.5.11) (1 + Mr 1 E ilwf/i (1) |( E WzH\cc + E Ivi'ffUr)} 

\K\=\I\{ \|J|+(|K|-1)+ \J'\+(\K\-1)+ I) 

<\I\ <|/|-1 

<e e (l+t+kirVvfM 1 ^. 



7f|=|-7| 



Thus, all of the terms from ( |15.5.9[ ) in the case \K\ = |i] = k + 1 can be bounded by the first term o n the right-hand side of ( |15.5.7| i 



For the IV^DgM - 1 ! term from the right-hand side of ( 15.5.8| >, we simply use Lemma [l5-3 which shows that {V^Dgh^ | is 



bounded by the next to last term on the right-hand side of ( 15.5.7| i 



To bound the | V^-P)) term from the right-hand side of ( | 15.5.8 1, we apply Lemma [l5-ll| the first and third terms from the right-hand 



side of ( |15.5.1| l are manifestly bounded by the right-hand side of ( |15.5.7[ ), while the term 

E (ivv^l + |£^|)(|vvf hM\ + \c*?\) 

\J\ + \K\<\I\ 
\J\<\K\<\I\ 

from the right-hand side of ( | 1 5.5 . 1 [ > can be bounded by the last term on the right-hand side of ( |15.5.7[ ) using the induction hypotheses, 
since \J\ < \K\ < k. This completes the proof of ( |15.5.7| i in the case of |i] = k + 1. 

To obtain the desired upgraded pointwise estimate for |VV^fo^|) we will estimate the quantity 

(15.5.12) n k+1 (t) = (1 + t) E M?)VVi/i (1) (V)|U, 

|7|<fe+l 
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- \J z hfiv to obtain an integral inequality 



13.2.1 



with 



where w{q) is the weight defined in ( |13.1.1[ ). Our goal is to use Lemma 
for rifc + i(t) that is amenable to Gronwall's lemma. We begin by estimating the terms on the right-hand side of ( |13.2.8[ ). First, with 
a = f min(|x' - 6,y - 6 - y') > 0, by the weak decay estimate ( |15.1.2b) , we have that 

e(i + 1 + \q\y 1+& (i + i«n-YCi 4. un 1+ V 



(15.5.13) 



r-,(n'\\^7 I hW\ < J ^ i-i+i^ (1 + \q\)- y (I + \q\) 1+r , i£q>0, 
W|Vz '~ 1 eil+t+lqir^il + lqiy'^l + lql) 1 ' 2 -^', if g< 0, ' 

<e(i + ty a , 



\I\<£-2 
\I\<£-2. 



This will serve as a suitable bound for estimating the first and fourth terms on the right-hand side of ( |13.2.8[ ). 
Next, using ( |15.5.7| i and the definition ( |15.5.12[ ), we deduce the following pointwise estimate: 



(15.5.14) 



n7(g)|B g V^ (1) |<(l + t)- 2 {en fc+1 + £ 2 (l + f) 2M * £ + e(l + t)- 1 ' 2 ^') 



This will serve as a suitable bound for estimating the third integral on the right-hand side of ( |13.2.8| >. 

We now apply Corollary 13-2 using ( |15.5.13| l, ( |15.5.14| i, and the assumption fc + l<^-4to deduce that 



(15.5.15) 



n fc+1 (i)<Csup £ lh(9)Vz/i (1) (*,-)|| L - 

0<r<t |j|< fe+2 

+ C Y, rs\\zu(q)W z h^(T,.)\\ Lx + (l + r)l ro ( g )|B g V^ (1) |(r,.)| 

rl^i.. , i JO 



J<fe+1 ' 



L°°(D T ) 



dr 



\\L°°(D T ) 



dT 



+ C £ f (l + r^l^viM^CT,-)! 

|/|<fe+3 J0 

<Ce(l + i) _a + C^ t (l + ^) _1 {e«fc + i(r) + e 2 (l + r) Ce + e(l + t)- 1 ! 2 ^' + e(l + r)- a }dT 

<Ce + Ce(l + t) Ce + Ce f (1 + T^nfc+iM dr. 

Jo 

From ( |15.5.15| l and Gron wall's lemma, we conclude that rik+i{t) < 2Ce(l + t) 2Ce , which proves ( |15.3.4a[ ) in the case \I\ = k + 1. 
As in our proof of Lemma 15-7 the estimate ( |15.3.4b| i follows from integrating the bound for Ic^V^^ 1 -* | implied by ( |15.3.4a[ ) 
along the line uj = f x/\x\ = constant, t +\x\ = constant, from the hyperplane t = and using ( |15.1.2b| i at t = 0. This closes the 
induction argument. We have completed the proof of Proposition 15-6 with the exception of showing that inequality ( |15.3.4c| i holds 
for \V\7 z h{1) l \V£zF\, and \L z T\ rTl where \I\<£- 5. In the next paragraph, we address these inequalities using an 

argument which is not part of the induction process. 

Upgraded pointwise decay estimates for \VV z h^\, |v£^|, \C z T\cx, and \C z T\ rT AlU £-5. 



We first note that inequality ( |15.3.4c| i for | V V z h^ | and \\JC Z T\ follows from Lemma 
We now focus on proving the estimate ( |15.3.4c| i for \C z T\cm and \C z J-\tt in ( |15.3.4c 



15-6 



6-11 



H6.5.22) , < [15.3.4a) , and ( [15.3.4b) . 
; all of the other estimates of Proposition 

have been proved. Recall that \C z T\cm + \CJ z T\-fr ~ \ a \^z-^^\ + \p[^-z^\ + Wi^z^ll- We w ^ P rove the desired estimate 
for |a[£^]| in detail; the proofs for \p[CzT]\ and \a[C z T]\ are similar. 

Our proof mirrors the proof of Proposition |15-4| except that we now are able to use the already -proven upgraded estimates of 



15-4 



Propo sition 15-6 in place of the weak decay estimates of Corollary 15-2 We will use the notation defined in the proof of Proposition 



Using the upgraded pointwise decay estimates ( |15.3.4a| i and ( |15.3.4b| i (including the versions forthetensorfield/i = h (0) +h (1) ), 
inequality ( |15.2.2[ ) for f(t, x) = f |x| _1 a[£2^ r (^ x )] can t> e upgraded to 



c fc E(i + «)- 3+CB (i + M)- 1 ^' ) 

C fc e(l + s)- 3+Ce (l + M)- 1 / 2+ ' 1, J 



if q> 0, 
if q<0, 



(15.5.16) \d q f{t,x)\< 
Arguing as in the proof of Proposition [15^4] and using in particular ( |15.2.4[ ), we deduce that 



|J|<£~5. 



(15.5.17) 



1 a[£ I z J r (t,x)]\<Ce(l + s) 



-3-(y-6) 



C k e(l 



+ s. 



-3+Ce 



(1 + |«' 



C fc e(l + s)- 3+Ce (l + |« , |) 1 / 2+ ' 1 ' J 



if q' > 0, 
if q' < 0, 



|/|<^-5, 



from which it easily follows that 
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(15518) \a\C I T(tx)M<l C k e(l + t + \ q \)-^(l + \ q \)-y, ifg>0, 

(15.5.18) H£ z F{t, X )}\<^ crfce(1 + t+|ff|) _ a+c - 8(1 + |g|)1/2+ ^ ) ifg<0; , |i|<^ 5. 

We have thus obtained the desired bound ( |15.3.4c| i for |a[i2^ JF] | . □ 

16. Global Existence and Stability 

In this section, we prove our main stability results. We separate our results into two theorems. The main conclusions are proved in 
Theorem|2j which is an easy consequence of Theorem[T] Theorem[T] which concerns the reduced equations ( |3.7.1a| i - ( |3.7.1c| i, con- 
tains the crux of our bootstrap argument. In this theorem, we make certain assumptions concerning the smallness of the abstract initial 
data and various pointwise decay estimates for the solution on a local interval of existence [0, T) . We then use these assumptions to 
derive a "strong" smallness conclusion for the energy £t,y,yi{t) of the reduced solution on the same interval [0, T). Furthermore, in 
Section[l5] the pointwise decay assumptions of Theorem [T] were shown to be automatic consequences of the smallness assumptions 
on the data and the "weak" bootstrap assumption ( |15.0.1| l for the energy £-t t y^(t) of the solution, as long as £ > 8. Consequently, in 
our proof of Theorem [2] we will be able to appeal to the continuation principle of Proposition 1 1 4- 1 1 to conclude that the solution to 
the reduced equation exists globally in time. Furthermore, this line of reasoning leads to an estimate on the size of Ei-y.^t), which 
can be used to deduce various decay estimates for the global solution. The wave coordinate condition plays a central role in many of 
the estimates in this section. 



16.1. Statement of the strong-energy-inequality theorem and proof of the global stability theorem. We begin by recalling that 
the norm E£. y (0) > for the abstract initial data is defined by 



(16-1.1) 4 Y (0)^ f ||vA (1) || 2 ^ + |#|^ + l®f H < + 

l/2+y 1/2+1- 1/2 + Y 

We furthermore recall that the energy £t,y,yi(t) > for the reduced solution is defined to be 



3 x. 



(16.1.2) £| (i) = sup £ f {|VV^ (1) | 2 + |£^| 2 W<z)d : 

0<T<t |J|<^ <• > 

In the above expressions, the weight function w(q) and its derivative w'(q) are defined by 

(1613) w-w(a)-l 1 + ( 1 + I«D 1+2Y ' if ? >0 < w '(a)-l {1 + 2y){1 + lql)2y > if<?> °' 

(16.1.3) w - w(q) - | 1 + (1 + |(?|) _ 2 ^ ifg<0> . w W-i + if g< 0. 



The constants |x and y are subject to the restrictions summarized in Section 2.14| The spacetime metric is split into the three pieces 



(16.1.4a) 9^ = m^ + h$+h$, 

(16.1.4b) h (o) =x{ L )x{r) 2 JL & ^ 

where the cut-off function \ is defined in ( |4.2.1| i. Furthermore, by Proposition 10-1 if e is sufficiently small and E^ y (0) + M < e, 
then the initial energy for the reduced solution satisfies 

(16.1.5) £ e ,y^(0)<E e , y (0)+M<e. 

We now state our technical theorem concerning the derivation of a "strong" energy inequality. 



Theorem 1. (Derivation of a strong energy inequality) Let £ > be an integer. Let (g^ v d = + h^J + hJ^J . T^v) be a local-in- 
time solution of the reduced equations ( |3.7.1a| > - ( |3.7.1c[ ) satisfying the wave coordinate condition p.l.la| > for (t,x) € [0,T) x IR 3 . 
Suppose also that for some constants satisfying < \i! < 1/2 and < y < 1/2, for all vectorftelds Z e Z,for all Z -multi-indices 
I subject to the restrictions stated below, and for the sets C = {L}, T = {L, e\, e2], and Af = {L, L, e\, e-i), the following pointwise 
decay estimates hold for (t, x) € [0, T) 



x 



P 3 . 



(16.1.6a) 



IV^Itaa + (l + |g|)->| £r + {l + W^zHcc + \F\<Ce(l + t + \q\y\ 
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<i6.i.6b, ivvwmi^-ivm*^^^;:;:^;:]*:^ J;:*. mw% 

(16.1.6c) 

IW^I + (1 + M)|V£^| + ^ + \C z F\tt<{ ce(l + t + \ q \)-^(l + \ q \y'^\ ifq<0, ' |J| " m ~ L 
/n addition, assume that the following smallness conditions on the abstract initial data and ADM mass hold: 

(16.1.7) E e . y (0) + M<e. 

Then for any constant \x satisfying < |x < 1/2 - |x', f/zere exist positive constants Si, q, andZi depending on £, \i, \i' , and y such 
that if £ < e < Eg, then the following energy inequality holds for t € [0, T) : 

(16.1.8) StrrA*) * + ^X 1 + O^ 8 - 



Remark 16.1. By Lemma 15-1 the decompositions /i = + ftW and iJ = H {0) + H (1) (where H" v = {g~ l Y v - (m~ x y v ), and 
the fact that = -hJ- 1 ^" + 0°°(\h^ + ^ (1) | 2 ), it follows that the estimates stated in the assumptions of the theorem also hold 
if we replace h with hS x \ hP~' , or flm. 

We now state and (using the results of Theorem [TJ) prove our main global stability theorem. 

Theorem 2. (Global stability of the Minkowski spacetime solution) Let (g .J>jk + hp? + t£jk '-^.?'fc>®b®i)> 0j^ = 1,2,3), be ab- 
stract initial data on the manifold M 3 for the Einstein-nonlinear electromagnetic system ( | 1 . . 1 a] > - ( | 1 .0. 1 c] > that satisfy the constraints 

fl4.1.1a) - ( [4.1.2b| >, and let {g^\t=o = + h$\ t =o + h$\t= o, dtS^/|t= o = dth^J\ t =o +Kh§)\t=o,J : ll v\t=o), (fJ-,v = 0,1,2,3), be 
the corresponding initial data for the reduced system ( 3.7. la| > - ( |3.7. lc| > as defined in Section \4.2\ Assume that the abstract initial 



data are asymptotically flat in the sense that ( |1.0.3a| l - ( 1.0.3f] > hold. Let t > 8 be an integer, and let < y < 1/2 be a fixed constant. 



Then there exist a global system of wave coordinates (t, x) and a constant Se > depending on y and £ such that if e < S£, and if 

(16.1.9a) E t . y (0) + M <e, 

then the reduced data launch a unique global, classical, geodesically complete solution 

(9p,v m ni> + + h$ , T ^ LV ) to both^\the reduced system ( |3.7.1a| l - ( |3.7. lc| > and the Einstein-nonlinear electromagnetic system 



( |1.0.1a| l - ( | 1 .0. 1 c| >. Furthermore, there exists a constant < |x < 1/2 (see Remark 1.2 ), and constants C£ > 0, Q > depending on y 



and £, such that the solution 's energy satisfies the following bound for allte (-00,00) : 

(16.1.10) ^ ;Y;H (t)<Qe(l + |i|) 2 

In addition, there exists a constant C'i > depending on y and £, such that the following pointwise decay estimates hold for all 

(t,x) € (-00,00) 



■00. 00 i x til 3 : 



(16.1.11a) 

( i + | t | + M) i-^ (1 + M) -i/2| V ^ r + (1 + |i| + M) i-c f£(1 + Mr i/ 2|VVz/l|££ + mrN + {i + i^x + iiD}- 1 !^ 
+ (1 + \t\ + \ q \f-^{i + \q\r 3/2 \h\ CT + (l + N + kD^Cl + kir^lVz^ + \?\ 

^QeCl + lil + M)" 1 , 

(16111b) Iw'^l + (l + WrHv 1 h™\ + \C J 7\<{ C e s(l + \t\ + \ q \r^(l + \q\)^-y, ifq>0, 

(16.1.11b) \VV z h \ + (L + \q\) \V z h I + \L z J-\<^ Qe(1 + |i| + | g |)-i + ^ (1 + | 9 |)-i/2 ) l/g<0 , ' 2 > 

(16.1.11c) 

|vv^ >\ + (i + | g |)|v/:^| + \c z f\cn + \c z t\ tt <{ c<e( i + | t | + | g | ) -2 + ^ ( i + M) i/2 ) ^ <0) ' l J l^- 3 - 



•^ 7 Of course, we technically mean here that the pair ( hj^J , T^v ) is a solution to the version (3.7. la} - (3.7.1c) of the reduced equations, while the pair (g^ v , T^v ) is 
a solution to equations (1.0. la) - (1.0. lc) . 



Jared Speck 

78 

Remark 16.2. Some of the 1 + |(7|-decay estimates in inequalities ( |16.1.1 la) - ( |16. 1.11c) are not optimal, and can be improved with 
additional work. For example, in BLR 101 Section 16], with the help of the fundamental solution of the Minkowski wave operator 
the 1 + |q|-decay estimates ( |16. 1.11b) - ( |16.1.1 lc) for the tensorfield hS x ' are strengthened by a power of 1/2 in the interior region 
g<0. 



Remark 16.3. Proposition 4-2 shows that the wave coordinate condition ( |3.1.1a[ > holds in the domain of classical existence of the 
solution to the reduced equations; this is why the reduced solution also verifies the Einstein-nonlinear electromagnetic equations 
qi.0.1a» - fll lc) . 

Remark 16.4. A global stability result for the reduced equations under the wave coordinate assumption, without regard for the 
abstract initial data, can be deduced from the smallness of £f ;Y; |x(0) + \M\ (we could even allow for negative Ml) together with 
the assumption liminfj x |_> 00 (0, a;) | = 0; this latter assumption, which is needed to deduce the inequalities ( |15.1.2b| > at t = 0, is 
automatically implied by the assumptions of Theorem|2] 

Proof. We only discuss the region of spacetime in which t > 0; the argument for t < is similar. Let us set Et-y(0) + M = f e. 
By Proposition 14-1 we can choose constants y', (x, \±', and 5 subject to the restrictions described in Section 2.14 (and in particular 
depending on y), and a constant Ae > such that if e = f A^e, An is sufficiently large, and e is sufficiently small, then there exists 



a nontrivial spacetime slab [0,T) 



upon which the solution to the reduced equations exists and satisfies the energy bound 



Se-y-A 1 ) < e(l + t) for t e [0,T). We then define 

T* = f sup {T I the solution exists classically and remains in the regime of hyperbolicity of the reduced equations, 

aad St-y.^t) <e(l + t) & forte [0,T)}. 

Note that under the above assumptions, we have that T* > 0. 

We now observe that the main energy bootstrap assumption ( 15.0. 1[ ) is satisfied on [0, T»). Thus, if e is sufficiently small, then by 
Propositions 15-5 and 15-6 all of the hypotheses of Theorem[T|are necessarily satisfied on [0,T»). Here, we are using the fact that 
[^/2] < £ - 4, which holds if £ > 8. Consequently, the conclusion of that theorem (i.e., estimate ( |16.1.8| l) allows us to deduce that the 
following energy estimate holds for t e [0, T») : 



(16.1.12) 



Now if At > 3c£ and i is sufficiently small, then ( |16.1.12[ ) implies that 



(16.1.13) 



Siyy-At) < -A e e(l + t) 



1 



e(l + tf 



which is a strict improvement over the bootstrap assumption assumption ( |15.0.1[ ). Thus, by ( |16.1.13| >, the weighted Klainerman- 
Sobolev inequality ( |B.4| > (which, together with ( |6.5.22[ ) and the smallness of £e-,y-yi(t), implies that the solution remains within the 
regime of hyperbolicity of the reduced equations), the continuation principle of Proposition 14-1 and the continuity of ^ ;y;M .(t) , it 
follows that if At is sufficiently large and e is sufficiently small, then X 1 * = oo. Furthermore, under these assumptions, it is an obvious 
consequence of this reasoning that ( |16.1.13| l holds for t e [0, oo). After renaming the constants in ( |16.1.13| l, we arrive at ( |16.1.10[ ). 
The inequalities ( |16.1.1 lb) follow as in the proof of Corollary 15-2 but using the strong energy estimate ( |16.1.10 l instead of the 



energy bootstrap assumption ( |15.0.1[ ). Similarly, the inequalities ( 16.1.11a| i follow as in our proof of Proposition 15-5 but using the 
strong energy estimate ( |16.1.10|l ins tead of the energy bootstrap assumption ( |15.0.1[ ). The inequalities ( |16.1.11c i for IVV^^^I an d 



\\l L l z T\ follow from Lemma 6-11 ( |6.5.22| i, and ( |16. 1.11b) . The inequalities ( |16.1.1 lc) for \C} z T\cm ar, d \L z T\tt follow as in 
our proof of ( |15.2.1| i, but using the strong energy estimate ( 16.1.1 0] > instead of the energy bootstrap assumption ( |15.0.1| l. 

Based on these pointwise decay estimates, the geodesic completeness of the spacetime (]R 1+3 , = f m lLV + h\?J + 
as in BLR051 Section 16] and lLoi08l Section 9]. 



fiu -riffiU -r <oy,v ) follows 



□ 



It remains to prove Theorem [T] 



Proof of Theorem Q] 



16.2. The main argument in the proof of Theorem [T] Our goal is to use only the assumptions of Theore m [T] to d educe (for all 
sufficiently small non-negative e, and for sufficiently large fixed constants c^,ct) the "strong" energy estimate (|16.1.8|l, which reads 



(16.2.1) 



^ ;Y; ^(i)<Q(e + £ 3/2 )(l + 
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12-3 



involving the inhomogeneous terms fify 1 ^ and 3?jv We recall that these inhomogeneous terms are captured by 
which state that S7 z h$ and L Z T^ V are solutions to the following system of equations: 



The proof o f (|16.2.1[ ) is based on a hierarchy of Gronwall-amenable inequalities that arise from careful analysis of the integrals of 
Proposition 

Propositions 



7-1 



and 



(16.2.2a) 
(16.2.2b) 
(16.2.2c) 



VxCzTfiv + V ^C Z T V \ + \J V C Z T\^ = 0, 



(H,v = 0,1,2,3), 
(A, M,f= 0,1,2,3), 
(f = 0, 1,2,3). 



Most of the work goes into obtaining suitable estimates for the integrals involving and . In order to avoid impeding the 

flow of the proof, we prove most of the desired inequalities later in this section, after the main argument. For the main part of the 
argument, we simply quote Corollary 1 1 6-6| and Corollary |16-12| which are the key estimates that allow us to apply a suitable version 
of Gronwall's lemma. We will then return to the proofs of the corollaries, which follow from a large collection of lemmas, each of 
which involves the analysis of one of the constituent pieces of the integrals involving fyj^ and S^jy 



We now proceed to the main argument. Using Proposition 12-3 Corollary 16-6 and Corollary 16-12 we have that 

VVU (1) M 2 



(16.2.3) 



£ L l( Vt )l W M* X + £ L L Iwi^| 2 + |£i^ + |£^rk(?)^^ 

SC| E i,J( Iff' )f.«A * *X X'X.(1 + ,)1( Iff' )|W^ 

+ C E [* f jl^ (1;/) l|VV^ (1) | + \(£ z T Q »)r {I) \\w(q)d 3 xdT 
\I\<k J0 JST I J 

f |( Z7h hW )| 2 ^(<z)^ + cm y, f ( 1+r )~ 3/2 (\/ f \^ z h(^w(q)d 3 x)dT 

\I\<k Js o lv l-z-r 71 |/|<fc Jo v V Js - ' 



C '-T. f £ |VV^ (1) | 2 + |4^I«/ + V'z^lTT kiA* 

\I\<k J0 JSt I J 



U<fe-1 



}\ 2 w(q)d 3 xdT + Ce 3 



Absent if k = 

Recalling the definition (where the dependence on \±, y is through w(q)) 



4 2 iy; ^)= sup £ f {|vv^| 2 + |^| 2 W 5 )d 3 z, 

0<r<t| 7 |< fe -'S T I- 



and introducing the quantity <Sfc ;Y;|x (£) > 0, which is defined by 

(16.2.4) 4y;^)=I r L {mzh (1) \ 2 + \C z ^\l M + \C^\W}w'(q)d 3 xdr : 



\I\<k 



it therefore follows from the final inequality of ( |16.2.3[ > that 

(16.2.5) 4y !R (*) + CW * C^y^(O) + CM f\l + T)- 3 l 2 E k , y ,^r)dr + Ce f\l + r)' 1 4 y; ^r) dr 

absorb into l.h.s. 

For e sufficiently small, we may absorb the Ce<S 2 . y . H (t) term from ( |16.2.5| l into the left-hand side at the expense of increasing all 
of the constants. We can similarly absorb the term CM f (l + T)~ 3 / 2 £fc ;y;Vi (T) dr by using the inequality 
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CM f (1 + T)~ 3 / 2 £ fc;Y;|x (T) dr < 1/2£L, (t) + C 2 M 2 ; this inequality follows from the algebraic estimate 
CM4 ;y;(1 (t) < 1/4^ (r) + C 2 M 2 , the integral inequality / '(1 + r)~ 3/2 dr < 2, and the fact that E^. Ar) is increasing. If we 
also use the fact that £^.^(0) < C{E 2 . y (0) + M 2 } < Ce 2 (i.e, Proposition 10-1 1, and the inequality M < e, then we arrive at the 
following inequality, valid for all small e : 

(16.2.6) 4^(0 + S 2 k .^(t)<C{e 2 +e 3 } + Ce f\l + r)' 1 El.^r) dr + Ce f\l + t)- 1+c * St^r) dr . 
For k = 0, this implies that 



Absent if k = 



(16.2.7) £ 2 . Y ^(f)<C{e 2 +£ 3 } + c e £ (1 + r)- 1 S^.^t) dr. 
From ( |16.2.7| i and Gronwall's lemma, we conclude that 

(16.2.8) 4r;n(*) * + ^K 1 + O 60 ' ■ 
Inductively using ( |16.2.6| l, we therefore derive the following estimate for k > 1 : 

(16.2.9) Sly.^t) + Sl y .^(t)<C{e 2 + e 3 } + C e j\l + t)' 1 8 2 .^{r) dr + Ce{e 2 + e 3 } j\l + r)- 1+Ce dr 

<C{e 2 +e 3 } + Csf^l + ry^.^dT. 
Finally, from ( |16.2.9| > and Gronwall's lemma, we deduce that if e is sufficiently small, then 

(16.2.10) £l,y. M (t) < C{e 2 + e 3 }(l + t) c ^ , 

which closes the induction. Thus, we have shown ( |16.1.8[ ), which concludes the proof of Theorem[T] 



16.3. Integral inequalities for the V^h^J inhomogeneities. In this section, we analyze the integrals in Proposition 



sponding to the inhomogeneous terms Syjiu in equation ( |16.2.2a| >. The main goal is to arrive at Corollary 16-6 As opposed to the 



12-3 



estimates proved in Section 16.4 most of the estimates proved in this section are a rather straightforward generalization of the ones 



proved in [LRfO); i.e., the estimates involve a similar analysis, but with additional terms arising from the presence of the T terms 
appearing on the right-hand side of the reduced equation ( |3.7.1a[ ). 

We begin with the following lemma, which follows easily from algebraic estimates of the form \ab\ < a 2 + b 2 . 



Lemma 16-1. (Arithmetic-geometric mean inequality) Let Sy^ = V^i}^ ~ VzUh^J ~ {v^ng/i^ - OgV^h^J} be the inho 
mogeneous term on the right-hand side of ( |7.0.40| l. Then the following algebraic inequality holds: 



(16.3.1) 



(i;-0 



IVV^I^a + Olvktl 2 + e -1 (l + *)|virH fl fc$-B 9 v£fc$ 



+ eO. + t)- 1 \W z hS 1 \ 2 + |viS ff /i (0) ||VV^ (1) |. 

The next lemma provides a preliminary pointwise estimate for the | V^-^l term on the right-hand side of ( |16.3.1[ ). 

Lemma 16-2. [LR10 Extension of Lemma 11.2] (Pointwise estimates for the |V^^| inhomogeneities) Under the assumptions of 
Theorem^ if I is any Z-multi-index with \I\ < £, and if e is sufficiently small, then the following pointwise estimates hold for 
(M)e[0,T)xM 3 : 

(16.3.2) w^\<e g a+o-'K iff^ )| + ^E a+t+kir^ci+kD-^^'ivvi/iW 



\JW\ 



\J\<\i\ 



+ e 2 E(l + i + M)- 1 (l + kir 1 |V^ (1) l + £ E (l + *r 1+C£ |( V ji hW )\ + e 2 (l + t + 



\J\<\I 



J'|<|/|-1 



Absent if\I\ = 
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Proof. By Proposition 11-3 we have that 

(16.3.3) |V^|<|(0I + |(«)l + l(«OI, 
where 

(16.3.4) |(i)|= £ |w£fc|™/-|VVf h\ T u + |Vv£/i||wf h\ + £ |wf /i||wf 

.7| + |if|<|7| .7"| + |if"|<|7|-2 



Absent if |7| < 1 

(16.3.5) \(ii)\= £ \£ J zF\\&\, 

\J\ + \K\<\I\ 

(16.3.6) |(m)|= £ {|v^fa||vv^/»||vv^fe| + + 

|/l| + |/2| + |-f 3 |<|/| 

The desire d bound for |(i)| was proved in Lemma 11.2 of MLR 101 using the decomposition h = hS 1 ^ + hS ', and by combining 
Lemma 



15-1 



and the estimates ( |16.1.6a| i - ( |16.1.6c| >. The term (ii) is the main contribution to IV^-^I arising from the presence 
of non-zero electromagnetic fields. To bound by the right-hand side of ( |16.3.2[ ), we consider the cases (|J| = £, \K\ = 0), 
(| J| = 0, \K\ = £), (\J\ < I - 1, \K\ < \£/2]), and (| J| < \£/2], \K\ <£-!); clearly this exhausts all possible cases. In the first two 
cases, we use ( |16.1.6a| i to achieve the desired bound, while in the last two, we use ( |16.1.6b| i. The cubic terms from case (Hi) can be 
similarly bounded using ( |16.1.6b[ ). 

□ 

Using the previous lemma, we now derive the desired integral inequalities corresponding to the £ _1 (1 + *)|V^:io| 2 term on the 
right-hand side of ( |16.3.1| ). 

Lemma 16-3. [LR10 Extension of Lemma 11.3] (Integral estimates for e~ 1 (l + T)\V I z F)\ 2 w(q)) Under the assumptions of Theorem 
[7] if I is any Z -multi-index with \I\ < £, and if e is sufficiently small, then the following pointwise estimates hold for (t,x) e 
0.7) x R 3 : 

(16.3.7) e' 1 f f (l + T)\\7 I z ^\ 2 w(q)d 3 xdT 

Jo Js T 

I'\<\I\-1 T Lj Z- r 



< e 
\J\<\i\ 



+ e 

\J'\ 



Absent if\I\ = 

Proof. After squaring both sides of ( |16.3.2| i, multiplying by + t)w(q), using the inequality 

(1 + |q|) _1 (l + q-) 2]x w(q) < w'(q) (i.e., inequality ( 12.1.2| i) and the fact that \i+ \x! < 1/2, and integrating, the only terms that are 



not manifestly bounded by the right-hand side of ( |16.3.7| > are 

(16.3.8) e 3 Y, r [ ^ + r)- 1 (l + \q\)- 2 \V J z h^\ 2 w(q)d 3 xdr. 

\J\<\i\ St 

The desired bound for these terms can be achieved with the help of the Hardy inequalities of Proposition C-l which imply that 

(16.3.9) f (l + T)- 1 (l + \q\y 2 \V z h {1) \ 2 w(q)d 3 x< [ (l + r)- 1 \yy J z h {1) \ 2 w(q)d 3 x. 



□ 



We now derive the desired the desired integral inequalities corresponding to the | \J z n g h^ \\\J\J z h^ | term on the right-hand 
side of ( |16.3.1| l. 

Lemma 16-4. IILR101 Lemma 11.4] (Integral estimates for \V I z n g h < ' ' ) \\\7\7 I z h w \w(q)) Let M be the ADM mass. Under the 
assumptions of Theorem ^ if I is a Z-multi-index satisfying \I\ < £, and if e is sufficiently small, then the following integral 
inequality holds for t e [0, T) : 
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(16.3.10) £ \V z n g h (0) \\S7V z h (1) \w(q) d 3 xdr < M Y, f Q f s i 1 + T)- 2 \VV z h w \ 2 w{q) d 3 xdr 

+ M £ 1*0- + r ) _3/2 (\/X \Wz h(1) \ 2w (v) d3a; ) dT - 



Proof. We first use the Cauchy-Schwarz inequality for integrals to obtain 



(16.3.11) 



o Jn T 



\VzO g h {0) \\W z h w \w(q) d 3 xdr 



Io\(L \^zO g h W \ 2 w(q)d 3 x\ xf^ l\W z h W \ 2 w(<l)d 3 x\ ' 1 dr. 



Furthermore, under the present assumptions, the previous proof of inequality ( |15.1.3b| i remains valid. Thus, using ( |15.1.3b[ > and the 
Hardy inequalities of Proposition |C-l| it follows that 

(16.3.12) f \V z n g h {a) \ 2 w(q)d 3 x< M 2 (l + ty 3 + M 2 (l + ty 4 Y, f \VV z h {1) \ 2 w(q)d 3 x. 

J'St \J\<\i\ * 

The estimate ( |16.3.10| ) now follows from ( jl6.3.11| l, ( |16.3.12| > and the inequalities y/\a\ + \b\ < y/\a\ + y/\b\, \ab\ <a 2 + b 2 . 

□ 



The following integral estimate for the commutator term e x (l + t)\v z E\ g h$ - n g (V z h$)\ 2 on the right-hand side of ( |16.3.1[ ) 
was proved in ILR10I . Its lengthy proof is similar to our proof of Lemma 16-1 1 below, and we don't bother to repeat it here. 



Lemma 16-5. 1LR10I Lemma 1 1.51 (Inteeral estimates for e 1 \V z n g h\ 1 J - n g V z hl l J\ w(q)) Under the assumptions of Theorem 
[7j if I is a Z-multi-index satisfying 1 < |/| < £, and if e is sufficiently small, then the following integral inequality holds for t e [0, T) : 

(16.3.13) £ ^ fo L ( 1 + ^PzQgh^-a g V I z h ( ^\ 2 w(q)d 3 xdr 

^ £ E £ £ l(l + T)- 1 \VV z h^\ 2 w(q) + \VV z h^\ 2 w'(q)\d 3 xdT 



+ * E 



j'i<i/i-i 



/o J\: 



(1 + T)- 1+C£ \W J z h {1) \ 2 w{q) d 3 xdT + S 3 . 



a 



Combining Lemmas 16-1 16-3 16-4 and 16-5| we arrive at the following corollary. 



Corollary 16-6. Under the assumptions of Theorem^ if0<k<£ and e is sufficiently small, then the following integral inequality 
holds forte [0,T) : 



(16.3.14) T, T f \f) (1:I) \\VV Z h (1) \d 3 xdT<M £ f\l + r)- 3/2 (J f \VV z h^)\ 2 w{q) d 3 x)dr 

\I\<k~' |/|<fc^° \ J^t 

-EX7 s d-)1( ll'f* )\ 2 W (q)d 3 xdr 
\I\<k JO Js - 1 '-z^ n 

+ e E C L (|W^ (1) | 2 + |4^ + l^lrrK(9)^^ 



+ e E C L^T^V/f" )|W 
\j\<k-i Jo J ^ IV C z- F 71 



■At + e 



Absent if k = 



This completes our analysis of the integral inequalities for the hj^j inhomogeneities. 



□ 
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16.4. Integral inequalities for the H Z T^ V inhomogeneities. In this section, we analyze the integrals in Proposition 
sponding to the inhomogeneous terms 3^ in equation ( |16.2.2c| i. The main goal is to arrive at Corollary 



16-12 



12-3 



83 
corre- 



We begin with the following lemma, which provides pointwise estimates for the wave coordinate-controlled quantities | V \l z hS^ \cc 
and | V\J J z h^\cT f° r \I\ ^ ^ ar, d 1^1 ^ ^ ~ 1- These pointwise estimates will be used to help to derive suitable integrated estimates 
later in this section. 

Lemma 16-7. (Pointwise estimates for Y,\i\<k \ Wzh^\cc + T,\j\<k-i IVV^^kr) Under the assumptions of Theorem^ if 
< k < £ and e is sufficiently small, then the following pointwise inequality holds for for (t, x) e [0, T) x R 3 : 



(16.4.1) 



E \Wzh (1) \cc + E lvv^ (1) Ur 

\I\<k \J\<k-l 



Absent if k = 

< E |VV^ (1) | + e(l + t + |<z|r 2 Xo (l/2<r/i<3/4) + e 2 (l + t + \q\y 3 



\I\<k 



+ e E(i^ + Mr 1+Ce (i + M) 1/2+ ^'|vv^ (1) | 

\I\<k 

+ e Ed+t+kir^d+Mr^'ivi^i 

\I\<k 

+ E Ivv^i, 



\J'\<k-2 



absent ifk<\ 



where xo(l/2 < z < 3/4) is the characteristic function of the interval [1/2, 3/4] 
Proof. Lemma 



16-7 



follows from Lemma 



11-2 



(for the tensorfield hpj) and the pointwise decay assumptions ( |16.1.6b| i for hJ^J . □ 



(i) 



Lemma 16-8. (Pointwise estimates for \(C Z T „)C Z T {I) \) Let$ v (I) = t z T + [n*^ kX V ^C z T kX - l^N*^^ ^T kX )} be the 

inhomogeneous term ( |8.1.2b| i in the equations of variation ( |8.1.1b| i satisfied by T d = C Z T. Under the assumptions of Theorem^ if 
< k < I and e is sufficiently small, then the following pointwise inequality holds for (t, x) e [0, T) x K 3 : 



(16.4.2) 



E \(^ou)£ z r {I) \<s Ea+t+kir 1 !^ 2 + e E( 1 + i + M) _1 lw^ (1) | 

|/|<fc |/|<fc \I\<k 

+ e E(l + Mr 1 (l + ?-)^|VV^ (1) | 2 

l/l<fe 

+ e e (l + Mr^l + ^-r^G^iv + I^TT). 

I'l*l*l 



Proof. We first recall the decomposition ( |8.1.2b| > of gT„ : 



(16.4.3) r {l) = t z r + {N*^\^C Z T KX - £ Z (N*^\^ KX )}, 



(i/ = 0, 1,2,3). 



Now using ( | 1 1 . 1 . 1 1 a) with X v = f C z J-o u , together with the decomposition h = bS ^ + bS 1 ^ and the -decay estimates of 
Lemma [l5-l| it follows that 
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(16.4.4) £|(£^)£ir|< E |£iF||VV^ (1) ||4 2 J-| 

\I\<k \I\<k 

\h\+\h\<\I\ 



+ 

7|<fc 

l-fl| + |7 2 |<|7 



E |^||W^ (1) |(|4 2 + 4 2 ^1tt) 

;fe 

2|<l-f| 



+ 

7|<fc 
lAI+l^l+l^l^l-f 



E I4^llv^ (1) nvv^ (1) i4^i 



+ 

7|<fc 

l-fl| + |72| + |7 3 |<|7 

|2 



+ e ECl + i+kinw^^l 5 

|/|<fe 

+ e E ( 1 + *+kl)~ 1 (i + kl)~ 2 |v§/i (1) | i 
i/i<fc 



IJkfc 



Inequality ( |16.4.2| i now follows from the assumptions of Theorem [T] ( |16.4.4| i, and repeated application of algebraic inequalities 
of the form \ab\ < qa 2 + ^b 2 . As an example, we consider the term |4^l|VV§/i^||4-Hc^ in the case that |ii| < |7| < \£/2] 
(such an inequality must be satisfied by either |ii| or IJ2]). Then with the help of ( |16.1.6b| > and the fact that [i + \\! < 1/2, it follows 
that if e is sufficiently small, then 



(16.4.5) |4j-||VV^ (1) |4 2 ^<e(l + t + M)- 1 |4^"| 2 + e-\l + t + \q\)\Wih^\ 2 \C^jf CM 

<e(i + t + M)- 1 4^-| 2 + £ (i + Mr 1 (i + (Z _)-^4^. 

We now observe that the right-hand side of the above inequality is manifestly bounded by the right-hand side of ( |16.4.2| >. 



□ 



Lemma 16-9. (Integral estimates for UjCgFov) £ I z$ I/ \w(<l)) Under the assumptions of Lemma 16-8 ifO < k < I ande is sufficiently 
small, then the following integral inequality holds for t e [0, T) : 



+ e 

m<fc - 



+ e 

m<fc - 



(16.4.6) E f f \(C I z Tou)C I z r\w(q)^xdT<e E f [ (I + Ty 1 \C I z T\ 2 w(q) d 3 x dr 

\I\<k J ° JSt \I\<k J ° JSt 

E f* f (l + T)- 1 \W I z h^\ 2 w(q)d 3 xdT 
[7[<A; ~' T - T 

E r f WV Z h {1) \ 2 w'(q)d 3 xdT 
|7|<S; ~' St 

+ e E C L {\C I z T\l M + \C I z T\ 2 rr )w'{q)d i xdT. 

\I\<k J0 JT,T 

Proof. Inequality ( |16.4.6| l follows from multiplying inequality ( |16.4.2| i by w(q), integrating, and using the fact that 

(l + \q\)-\l + q^r^{q)<w'(q). ' ' □ 

Lemma 16-10. (Pointwise estimates for \(£ z T v){n#^ kX V ^C z T kX - C z (N*^ kX V ^x)^) 

Let N#^ kX S7 ^L z T k \ - £ z (N^^ kX \7 ^kx) be the inhomogeneous commutator term ( |8.1.3b[ ) in the equations of variation 

( |8.1.1b| l satisfied by !F^ V "= C z T liU . Under the assumptions of Theorem^ ifl<k<£ and e is sufficiently small, then the following 
pointwise inequality holds for (t,x) e [0, T) x M 3 : 
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(16.4.7) £ \(C z ^){n#^ x V^C z T kX - C z {N*^ k \^ kX )}\ 



\i\<k 



SeCl + i + M)- 1 E l^l 2 

l-fl<lfel 



/l<lfcl 

+ e(l + \ q \r\l + q -y 2 » Y, (\£z^hr + \£z?\rr) 

\I\<\k\ 

+ £ (i + i + Mr i+ce (i + Mr( 2+C£ )(i + g_)-^ e iv^ (1) il 

IJI<fc 

+ £ (i + t + Mr 1+C£ (i + |g|)-( 2+C£ )(i + <z_)^ E Iv^ (1) li r 
+ £ (i + i + M)- 1+Ce (i + Mr 2 E lv^ (1) l 2 



J|</c-l 



,7'|<fc-2 



absent ifk=\ 
e (l + t + |g|)- 1+Ce E l^l 2 - 



J|<fc-i 



15-1 



it follows that 



Proof. Using inequality ( |1 1.1. lib) with X„ = f /^JFo^, the pointwise decay assumptions of Theorem[l] together with the decompo 
sition h = + and the decay estimates of Lemma 

(16.4.8) 

E \c z T JN*^ KX V,C z T KX -C z {N*^ KX y,T KX )}\ 
|j|<fc' 

sCi + kl)- 1 E l^llv^Wl^l + (l + kir 1 E I4^llv^ (1) kd4>l 

l-fl<fe,i/'l<fc l/l<fe,l/'l<fe 
\J\<1 \J\<1 

+ (1 + Mr 1 E l4^l>Ur + (1 + kir 1 E I^l^ft (1) |(i4 a ^ + I4 2 ^1tt) 

|7|<fc |I|<fc 

|/i|+|-r 2 |<fc+i 

+ E l^l 2 + eCi + t + MrHi + kir 3 E lv^ (1) l 2 

|Z|<fe |7|<fc 

+ (l+t+M)- 1 e i^iiv^ (i) ii4^i + (l+kir 1 e i^iiv^ (l Wf^i 

\I\<k \I\<k 
|/i|+|/ 2 |<fc+l \h\+\l2\<k+l 
|/i|,|/2|<fe \h\ik-l,\I 2 \<k-l 

+ C1 + M)- 1 E \C} z T\\^ x) \cr\^m + (l + M)" 1 E |£^UV^ (1) 114^1 

i/i<fe |j|<fe 
i/ii+i/ 2 i<fc i/ii+i/ 2 i<fc-i 

7i|<fc-l,|/ 2 |<fe-l |/i|<fc-2,|J 2 |<fc-l 



absent if fc = 1 

+ (1 + M)- 1 E ^zH^ih^ih^iT] 



\I\<k 
|/i|+|/ 2 |+|/ 3 |<fe+l 
|/i|,|/ 2 |,|/ 3 |<fe 



+ (i+m)- 1 e \c\n^ w \\^in^m + (i + ki) 1 e ^n^n^n^m- 

\I\<k \I\<k 
-Ti| + |-f 2 | + |-f3|<fe+l -Ti| + |-f 2 | + |-f3|<fe+l 

\h\,\h\,\h\<k |/i|,|/ 2 |,|/ 3 |<fe 

We remark that the e(l + t + T,\i\<k l^z^l 2 and e(l + t + |qi) _1 (l + \q\)~ 2 T,\i\<k |V^ (1) | 2 sums on the right-hand side of 
( |16.4.8| l account for all of the terms containing a factor V z h^ for some J. Inequality ( |16.4.7| i now follows from ( |16.4.8| l, the 
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pointwise decay assumptions of Theorem 111 (including the implied estimates for hj- 1 '), and simple algebraic estimates of the form 

3 



ab\ < sa 2 + q 1 b 2 (as in the proof of ( jl6.4.4| >) 



□ 



Lemma 16-11. (Integral estimates for \{C Z Fqv){n*^ kX V - C z {N*» vkX V ^kx)}^ Under the assumptions of Lemma 

16-8 ifl<k<£ and e is sufficiently small, then the following integral inequality holds for t e [0, T) : 



(16.4.9) 



i\<k Jo Jt,t 

<eY f* f (l + T)- 1 \C I z T\ 2 w(q)d 3 xdT + e V f* f (l + T)- 1 \W I z h {1) \ 2 w(q)d 3 xdT 
+ e E C L {iVVi^l' + l^iv + l^^-WCgJ^dr 

\I\<k J0 

+ £ E r f ^ + T+\q\T 1+Ce \yVzh {1) \ 2 w(q)d 3 xdT 
\J'\<k-2 ^° 

absent if k = 1 

+ £ E [* f (l + T+\q\)- 1+Ce \C J z T\ 2 w(q)d 3 xdT + e 2 . 

\J\<k-l J° 



Proof. We begin by multiplying by both sides of ( |16.4.7| i by w(q) and integrating f Q / s d 3 x dr. The integrals corresponding to the 
first and last sums on the right-hand side of ( |16.4.7| i are manifestly bounded by the first and penultimate sums on the right-hand side 
of ( |16.4.9[ ). Using also the fact that (1 + |g|) _1 (l + q-)~ 2yL w(q) < w'(q), the integral corresponding to the third sum on the on the 
right-hand side of ( |16.4.7[ ) is bounded by the third sum on the right-hand side of ( |16.4.9 1. 

7j, we simply use the Hardy inequalities of 



To bound the integral corresponding to the second sum on the right-hand side of ( 16 



Proposition C-l to derive the inequality 

(16.4.10) £ [ (l + r + \q\)- 1 (l + \q\)- 2 \V I z h^\ 2 w(q)d 3 xdr 

\I\<k J0 JSt 

* E r f ^ + r + \q\)- 1 \VV z h^\ 2 w(q)d 3 xdT. 



After multiplying by e, the right-hand side of the above inequality is manifestly bounded by the right-hand side of ( |16.4.9| l. Using 
the same reasoning, we obtain the following bound for the integral corresponding to the sixth sum on the right-hand side of ( |16.4.7| >: 



(16.4.11) 



E [' f (l + r + \q\)- 1+C ^l + \q\)- 2 \^h^\ 2 w(q)d 3 xdr 

\J'\<k-2 J0 JEt 

E f (l+r + \ q \y 1+C ^ J z h^\ 2 w(q)d 3 xdT. 

\.I'\<k-2 J0 JYl ^ 



We then multiply ( 16.4.1 l| i by e and observe that the right-hand side of the resulting inequality is manifestly bounded by the right- 
hand side of ( |16.4.9| l. 

To address the fourth and fifth sums on the right-hand side of ( |16.4.7| i, we will make use of the weight w(q), which is defined by 



(16.4.12) w(q) = mm {w'(q),(l+t +\q\y 1+CE w(q)}. 

We note that by ( |12.1.2) , the following inequality is satisfied: 



(16.4.13) 



iv(q)<(l + \q\)- 1 w(q). 



With the help of Lemma 16-7 ( | 16.4. 1 3 1, and the Hardy inequalities of Proposition C-l we estimate the integral corresponding to 
the fourth sum on the right-hand side of ( 16.4. 7} as follows: 
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(16.4.14) Y. T [ (l+i+Mr 1+Ce (l + M)- (2+Ce) (l + 9-r 2 Hvi^ (1) |^(9)^dr 

\i\<k Jo 

* E f L \^zh {1) \ 2 cMl)d 3 xdr 

\I\<k J0 

E f* f Wy I Z h {1) \ 2 w'{q)d i xdT 
\i\<k Jo 

' C f (l + T + \ q \)-\l(l/2<r/t<3/4)w'(q)d 3 xdr 
Jo Js T 

f 4 f* [ (l + T+\q\y 6 w'(q)d 3 xdT + e 2 V f* f (l + T)- 1 \yy I z h W \ 2 w(q)d 3 xdT 

JO J^-r ifi^. JO JS T 

E f7 {l + r + \ q \)-\l + \ q \)- 2 \V I z h^\ 2 w{q)d i xdT 
|/|</c JEt 

E [' f (l + T + \q\)- 1+Ce \VV J z hW\ 2 w(<l)d 3 xdT 

]'\<k-2 St 



+ e 2 



+ e 



\I\<k • 

+ 



absent if k = 1 



E r f WVzh {1) \ 2 w'(q)d 3 xdT + E f V (l + ^) _1 |VV2/i (1) | 2 w(g)d 3 xdr 

J|<fc St |/|<fc Et 

E /"* /" (l + r)- 1+C£ |VVi'/i (1) | 2 W (g)d 3 ^dr +e 2 , 



absent if fc = 1 

where to pass to the lass inequality, we have again used Proposition |C-l| to estimate 

S|j|< fc /oVs_0^^+bl) _ Hl + kl)" 2 |vi^ (1) | 2 W (g)d 3 ^rf^< SiJi^fcy^/^ (l + x)- 1 |VVi/i (1) | 2 w(g)^rf7-. After multiplying both 
sides of ( |16.4.14| i by e, the resulting right-hand side is manifestly bounded by the right-hand side of ( |16.4.9| l as desired. The integral 
corresponding to the fifth sum on the right-hand side of ( |16.4.7| i can be bounded through the same reasoning. 

□ 

Combining Lemma [l6-9| and Lemma [16- 1 1| we arrive at the following corollary. 

Corollary 16-12. Let = L Z T + {jV # ^ KA V ^C z T kX ~ C z (N*^ kX \7 ^x)} be the inhomogeneous term ( |8.1.3b| i in the 

equations of variation ( |8.1.1b[ ) satisfied by T^u = f CzF^v Under the assumptions of Theorem^ ifO< k < I and e is sufficiently 
small, then the following integral inequality holds for t e [0, T) : 

(16.4.15) E f* f \(^0,WmHq)d 3 xdr<eY j f* f (1 + ^^{iVV^^f + \£ z F\ 2 \w(q) d 3 xdr 

+ £ E f L {Wy Z h W \ 2 + \C z ^\ 2 cM + \C z ^\ 2 rr }w'(q)d 3 xdr 

\i\<k J0 

£ E [7 (i + r)-^{\yy z h^\ 2 + \ciT\ 2 }w( q )d 3 xdr 



+ 

\.7\<k-l 

absent if k = 

+ e 3 . 

□ 
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Appendix A. Weighted Sobolev-Moser Inequalities 



The propositions and corollaries stated in this section were used in Section 10 to relate the smallness condition on the abstract 
initial data to a smallness condition on the initial energy of the corresponding solution to the reduced equations. The propositions 
were essentially proved in [CBC81|, while the corollaries follow from the prop osit ions v ia standard arguments. Throughout the 



appendix, we abbreviate C l v = C^(]R 3 ), = H*(R 3 ) etc. (see Definitions 



10.1 



and 



10.2 1. 



Proposition A-l. [CBC81 , Lemma 2.4] (Weighted Sobolev embedding) Let t, £' be integers, and let T], t]' be real numbers subject 
to the constraints £' < £ - 3/2 and rf < rj + 3/2. Assume that v(x) e H*. Then v € Cy , and 



(A.l) 



He'', ~ Hkv 



□ 



Proposition A-2. [CBC81 , Lemma 2.5] (Weighted Sobolev multiplication properties) Let l\, £ p > be integers, and let 771, — , i] p 
be real numbers. Suppose that Vj(x) e Hn *> for j = 1, Assume that the integer I satisfies < £ < minj^i, £ p } and 
£ < f-i ~(P- 1)3/2, and that 77 < Vj + (p ~ 1)3/2. Then 



(A.2) 

and the multiplication map 



3 = 1 



(A.3) 



J'=l 



is continuous. 



a 



Corollary A-3. Let £ > 2 be an integer, and letr\> 0. Assume that vj(x) e H^forj = 1, ■■■,p, and that I\,---,I p are V -multi-indices 
satisfying £?=i \Ij \ < £■ Then 



(A.4) 
and 



(A.5) 



□ 



Corollary A-4. Let £ > 2 be an integer, let Kbe a compact set, and let F(-) e C (A) be a function. Assume that V\(x) is a function 
on K 3 such that v\(M?) c M,. Furthermore, assume that X7vi(x),V2(x) e HL Then (F o v\(x))v2{x) € Hi, and 



(A.6) 



\{Fov\)vi\ H t < j \\v2\\ H e\FU + IKi + \x\)Ml- Wyvri^ Y, l^ (i) WMi~} 



In the above inequality, F^ denotes the array of all j th order partial derivatives of F with respect to its arguments, and \F^\^ = 
sup^|F«(i;)|. 



□ 
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Appendix B. Weighted Klainerman-Sobolev Inequalities 

In this section, we recall the weighted Klainerman-Sobolev inequalities that were proved in IILR10 I. Throughout this section, the 
weight function w(q) is defined by 



(B.l) w = w(q) ief 

In this section, we assume only that y, |x are fixed constants and that < y < 1. It easily follows from dBTTb that 



i + (i + M) 1+2Y , if<?>o, 

1 + (l + \q\)- 2 ^, if g < 0. 



(B.2) w' = w'(q) 



and 



(l + 2 Y )(l + |q|) 2 T, if g>0, 
2^(1 + M)- 1 - 2 ^, if g < 0, ' 



(B.3) w' < 4(1 + IqD^w < 16y _1 (l + q-) 2 ^w' . 

Proposition B-l. IILR10I Proposition 14.1] (Weighted Klainerman-Sobolev inequality) There exists a C > such that for all 
4>(t,-) e Co°(R ), the following inequality holds: 

(B.4) (1 + t+ \x\)[(l + \q\)w(q)] 1/2 \(j>(t,x)\ < C Y, W' 2 V^(i, ■) \\ L2 , q^\x\-t. 

Furthermore, we have that 

(B.5) (1 + t + \x\)[(l + \q\)w(q)] 1/2 \V(b(t,x)\ < C £ h 1/2 VV^(*,-)| La , 9 rf ='N-t. 

l-f|<2 



Proq/: (|B.4|i was proved as IILR10I , Proposition 14.1]. (|B.5|) follows from Lemma [6^61 and (|B.4[). □ 



Appendix C. Hardy-Type Inequalities 
In this section, we recall the weighted Hardy-type inequalities proved in ILRlOi 

Proposition C-l. BLR 101 Corollary 13.3] (Hardy inequalities) Let y > and \i > 0, q '= \x\ - 1, and let w(q) and w'(q) be as defined 



in ( |B.l| l and ( |B.2| l respectively. Then for any -1 < a < 1, f/iere exists a C > smc/i that for all (f> e C ( J (]R 3 ), we /zave the following 
pointwise inequality: 

(C.l) f (l + t + M)- 1+a (l + M)- 2 |0| 2 W (g)d 3 x<C r (l + t + | g |)- 1+o lfl P 0l a «;( 9 )d 8 a : J 

Jr 3 Jr 3 

where d r = ui b db, up = x-* /r, denotes the radial vectorfield. 
If in addition a < 2min{y, p.}, then with 

(C.l) w(q) * f mm{w'(q),(l + t + \q\y 1+a w(q)}, 

there exists a constant C > such that the following pointwise inequality holds: 

(C3) jT 3 (l + t + \q\r 1+a (l + \q\y {a+2) (l + q-)- 2 ^\Mq) <?X < C \d r( f>\ 2 w(q) d 3 x, 



where g_ d = \q\ if q < and q- = 0ifq>0. 



□ 



Corollary C-2. Assume the hypotheses of Proposition C-l and let P^ v be a type (°) tensorfield. Let V, W be any two of the subsets 
of null frame-field vectors defined in ( |5.1.12a| l. Then the same conclusions of the proposition hold if we replace \<p\ and \d r <p\ with the 



contraction seminorms |P|vw an d \V P\vw respectively, where the contraction seminorms are defined in Definition 5.7. 
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Proof. Let rfi be the first fundamental form of the S r> t defined in ( |5.1.4b) , and recall that the tensor rfi^ projects m-orthogonally 
onto the S r ,t- Since d r = |(L - L), it follows from ( |5.1.9a) , ( |5.1.9b| >, and ( |5.1.10| l that 



(C 41 


d (L K L X P \) 


= i L k L X (Vt -X7t)P \ 

2 — V v L V L ) 1 kAi 






(C 51 


d (L K L X P \) 


= — L K L X ( V r - Vr IP \ 

2— V v L v L J- 1 KA: 






(C 61 


d (L K L X P il 


= - L K L x (Vr - Vr IP 

2 — V v L V L } 1 kXi 






(C 71 


d (L K L X P \) 


- -L K L X (Vr - V r IP \ 
2"^ V v L V L J 1 H.A: 


(a 


= 01 2 31 






- - Wl K T X (Y/ r - \7, 1 P x 

- 2 VV - V v i VlJ^kA, 




- n 1 9 ^1 

- U, 1, Z, OJ, 


(C9) 


dr(L K 7fl X P KX ) 


= 2~— ^ »Ap (Vl - Vl)P,a, 


(M 


= 0,1,2,3), 


(CIO) 


d r (rfi« L x P kX ) 


= ^ 0; i A (V L - Vi)P K A, 


(a* 


= 0,1,2,3), 


(Cll) 


d r (L K rfi X P kX ) 


= ^ »Ap (Vl - Vl)P,a, 


(m 


= 0,1,2,3), 


(C12) 


d r {rfi*rfi v P kX ) 


= \rfi«rfi X (V L -V k )P KX , 


(/(, 


^ = 0,1,2,3) 



That is to say, d r commutes with the null decomposition of P. The conclusion of the corollary now easily follows from applying the 
proposition with cf> equal to the scalar-valued functions L^L x P kX . L k L x P kX , rfi^rfi v P kX respectively. 

□ 
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